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Abstract
Most phased array systems subarray many antenna elements into far fewer dig-
itized channels. While having more degrees of freedom (DOF) yields better perfor-
mance, adding channels to create more digital DOF increases system cost and data
throughput requirements. A subarray itself constitutes a phased array with as many
DOF as it has antenna element weights. Typically, only one degree of freedom is used
to steer the maximum gain direction of the subarray pattern. For typical antenna
geometries a single subarray will provide many more spatial DOF than there are digi-
tized channels. The inherent DOF of the subarrays could be used to mitigate selected
interference signals with the subarray pattern if the antenna manifold, the angle of
arrival (AOA), and the power of interference sources at the array face are known.
Interference AOA and power can be derived from external knowledge sources (e.g.,
intelligence, additional sensor packages, monopulse beams) or can also be found by
processing channel data. The AOA and power estimates can then be used to adapt a
subarray pattern to null interference and restore dynamic range while allowing digital
DOF to be utilized for other purposes (such as clutter mitigation). Simulations are
used to illustrate the implementation tradeoffs and a proposed concept of operations
for dividing spatial nulling duties between subarray and digital beamformers, referred
to herein as Knowledge-Aided Subarray Pattern Synthesis (KASPS). Performance is
simulated for multiple antenna geometries and interference parameters. The tech-
nique is shown to outperform conventional digital-only adaption for subarrayed an-
tennas and approach optimum performance bounds under some conditions. KASPS
is shown to improve performance even with misestimated interference parameters,
unknown manifold error, and quantized subarray weights.
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INTERFERENCE SUPPRESSION USING
KNOWLEDGE-AIDED SUBARRAY PATTERN SYNTHESIS
I. Introduction
Many modern phased array antennas consist of many more antenna elements
than digitized channels (i.e. the number of analog-to-digital converters (ADCs)).
The number of elements is determined by the desired beamwidth, gain, monopulse
accuracy, etc. while the number of channels is typically dictated by the application
(Moving Target Indication (MTI), angle of arrival (AOA) information, number of
simultaneous communication channels, Synthetic Aperture Radar (SAR), etc.) and
a set of Electronic Protection (EP) requirements. Connecting elements to channels is
the antenna manifold. The antenna manifold is comprised of the analog network of
combiners, phase shifters or time delays, amplifiers, and attenuators that constitute
subarrays feeding each channel. Subarrays must be dynamically steered in the di-
rection of interest in real time, effectively forming a real beampattern through which
each channel receives electromagnetic data. The channel data then enters the signal
processing chain responsible for adaptively canceling interference, finding moving tar-
gets, measuring signal AOA, etc. A notional concept of the system processing chain
can be seen in Figure 1.
The number of channels, C, of a phased array antenna sets the system’s number
of digital degrees of freedom (DOF), C − 1. The number of digital DOF has a strong
correlation to system capability, performance, robustness, and system cost. The ideal
scenario of having a dedicated ADC behind every antenna element is only warranted
(or possible) in a small handful of phased array systems due to the high cost. The
1
Figure 1. Notional system processing chain of a subarrayed antenna.
costs of increasing channel count is not limited to the material and manufacturing
costs of more receive chains and ADCs, but also the burden of processing more digital
data as well as the testing and calibration of more channels.
Even when systems have been equipped with a necessary number of channels,
there are cases when such a system would greatly benefit from additional spatial
DOF. When the subarrays of a phased array system have many elements compared
to the number of digitized channels, there is unutilized potential DOF available via
the subarray pattern. In order to steer the subarray pattern in the direction of inter-
est, the subarray elements are equipped with the essential hardware (i.e. phase/time
delays and attenuators) to create real directional nulls. However, without sampled
data from the individual subarray elements, an adaptive weight set based on the in-
terference statistics measured through the subarray manifold cannot be estimated. If
one could discern what those weights should be, the subarrays could begin to leverage
their spatial DOF to mitigate interference. This research will propose a method re-
ferred to asKnowledge-Aided Subarray Pattern Synthesis (KASPS)-Adaptive Digital
Beamforming (ADBF) which will leverage the inherent DOF of the subarrays in con-
junction with the digital DOF of the subarray channels in order to provide increased
interference suppression.
2
Adaptive digital nulling is always preferable to creating nulls in a real beam pat-
tern. Adaptive antenna patterns implemented in hardware always reduce the peak
gain of the mainbeam (relative to the corresponding unadaptive, untapered pattern),
resulting in a degraded signal response, whereas adaptive digital nulling preserves
mainbeam gain. However, it will shown that there are situations where both adaptive
digital nulling in conjunction with creating nulls in the real subarray beam pattern
may provide superior performance over using adaptive digital nulling alone. For ex-
ample, nulls in the subarray beam pattern would be implemented within the manifold
prior to the ADCs and could reduce the dynamic range requirements of the receive
chain, avoiding saturation and improving the effectiveness of adaptive digital nulling
in the processor. Adaptive spatial nulling done in the subarrays could mitigate spa-
tially isolated interference, thereby freeing up digital DOF for Space-Time Adaptive
Processing (STAP).
1.1 Goals
The objective of this paper is to illustrate and explore a concept for increasing the
spatial interference suppression (i.e., nulling) capabilities of a phased array radar by
leveraging the inherent but dormant DOF of its analog subarrays. It will postulate
a calibrated (i.e., known) phased array manifold design that when combined with
knowledge-aided algorithms, and utilizing adaptive subarray patterns prior to the
ADC, may be capable of effectively creating many more spatial nulls than what C
channels would conventionally allow.
This research aspires to make three contributions to the field of EP for phased
array systems. The first is to offer a proof of concept of the potential benefits of
the KASPS-ADBF method. The second goal is to offer a concept of operations for
the use of the KASPS-ADBF method. The final goal is to test the sensitivty of the
3
KASPS-ADBF method.
1.2 Approach
The technical approach of this research is to explore a concept for increasing a
subarrayed phased array’s spatial interference suppression capabilities by leveraging
the inherent but dormant DOF of its subarrays. This research postulates a calibrated
(i.e., known) phased array manifold that leverages knowledge-aided algorithms and
subarray pattern synthesis to effectively null more interference signals than what
adaptive digital processing alone would conventionally allow.
This research will extend the planar phased array system model most recently
extended by Lt Col Phillip Corbell in [1]. It is hoped that the developments within
this thesis may enable currently fielded phased arrays to improve performance in con-
tested Radio Frequency (RF) environments through modest hardware and software
upgrades. While this research is focused on a radar application, it is also applicable
to any subarrayed phased array antenna used in a communication, navigation, or re-
mote sensing application, and has the added benefit of being a receive-only (passive)
technique.
1.3 Organization
The model originally put forth by J. Ward in [2] and extended in [3] is used as a
foundation for this research. The essential elements and capabilities of the model are
discussed in the literature review in Chapter II. Assumptions inherent in this research
and related research endeavors are also detailed in the literature reveiw. Chapter III
explains the methodology used in this research, including the KASPS technique, the
trade offs of adapting the subarray pattern versus using digital adaptive processing,
the Jammer Parameter Estimation (JPE) algorithm, and a discussion on parameter
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sensitivity. Chapter IV presents the results from the techniques outlined in Chapter
III, including an sensitivity analysis concerning jammer AOA misestimation, manifold
error, and quantization. Chapter V draws conclusions from the results of the research
and suggests future work that could be accomplished to further develop the techniques
presented here.
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II. Background
This research builds upon decades of research across numerous fields, including
but not limited to adaptive arrays, Space-Time Adaptive Processing (STAP), and
adaptive beamforming. This chapter surveys a selection of the published literature
in these fields to provide context to the reader for the developments to follow. The
system model used to conduct this research, which simulates a phased array utilizing
non-overlapping subarrays is described. The limitations and assumptions inherent
to the research are discussed. Finally, a selection of similar research efforts that
complement the contributions here are reviewed.
2.1 System Model
The contents of this section describe the model of a digital phased array. In
1991, a team at the Hughes Aircraft Company released an article on STAP which
evaluated techniques using an airborne two-dimensional (2-D) phased array side-
looking radar model [4]. In 1994 J. Ward used a similar model in review of modern
STAP techniques in his technical report titled “Space-time adaptive processing for
airborne radar” [2]. This model was extended to account for planar arrays in 2002 by
T. Hale [3]. The planar array model developed by T. Hale was extended to account
for adaptive transmit patterns and subarrayed antenna architectures in 2006 by P.
Corbell [1]. The simulation of adaptive subarray antenna patterns in conjunction
with adaptive digital processing to increase interference suppression form the basis
for the analysis of this thesis.
The radar model for this research considers an active electronically scanned planar
phased array antenna. Figure 2 shows the geometry of the array, which exists in the
x-z plane. There are N columns and P rows of elements, resulting in a total of
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Figure 2. Notional planar phased array, adapted from [1].
NP elements. For an array that is uniformly spaced, distance dx separates the N
columns uniformly in the horizontal dimension, and distance dz separates the P rows
uniformly in the vertical dimension. Radar boresight points in the positive y-axis
direction. The radar elevation angle, θ, is measured from the positive y-axis to the
positive z-axis, indicating that negative elevations point toward the ground. The
radar azimuth angle, φ, is measured from the positive y-axis towards the positive
x-axis.
Central to this research effort is the accurate simulation of subarrays. The array
face can be organized into subarrays in which the received signal from each element is
weighed and summed with the received signals from all other elements in that subarray
before going to an analog-to-digital converter (ADC) [5]. Each ADC constitutes an
independent digitized channel. The radar only has as many digitized channels, C as
it has subarrays (i.e., ADCs). The effects of subarraying have been simulated in the
past as in [1,6–8]. This research follows the subarray model found in [1,7,8] in which
a subarray pattern can be modeled as a programmable element pattern on an array
for which the array factor is calculated from the phase centers of the subarrays.
This model defines Nch columns of channels and Pch rows of channels across the
7
Figure 3. Notional planar phased array, with elements shown as indexed within the
radar model. Proper indexing of elements is necessary to ensure phase consistency
across the array face and the correct application of weights.
array face. Each channel is comprised of Nsub × Psub elements. Non-overlapping
subarrays of a rectangular array can be arranged into columns (1×Psub), rows (Nsub×
1), or rectangles (Nsub × Psub). The element locations within a given subarray are
defined in the 3 × NsubPsub matrix of element positions, Dsub. The phase center
locations of each subarray channel are defined in the 3 × NchPch matrix of element
positions, Dch. Of the e = 1 . . . NsubPsub elements comprising the subarray, the e
th
element’s position vector is the 3×1 vector de. The matrix Dsub can either be dictated
by the user, or generated to mimic any planar array geometry. A uniformly spaced
subarray is used as an example, in which Nsub = 3, Psub = 2, and dx = dz. This
notional subarray geometry is shown in Figure 3, for which the corresponding matrix
Dsub is
Dsub =
[
d1 d2 d3 d4 d5 d6
]
=

0 dx 2dx 0 dx 2dx
0 0 0 0 0 0
0 0 0 dz dz dz
 . (1)
The numbering of the columns of Dsub as related to the location of the elements
on the subarray face, as organized into Psub rows and Nsub columns, can be calculated
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as
Prow =
⌊
n− 1
Nsub
⌋
+ 1,
Ncol = ((n− 1) mod Nsub) + 1,
(2)
in which bc indicates rounding down to the nearest integer, and the mod operator
results in the remainder after division of the term on the operators left by the term on
the operators right. The matrix Dch is made up of the position vectors describing the
phase centers of each subarray. Assuming half wavelength element spacing and non-
overlapping subarrays, the distance between subarray phase centers can be calculated
as
dx,ch = Nsub
λ0
2
, (3)
dz,ch = Psub
λ0
2
. (4)
The formulation and numbering convention of the Dch matrix follows the same
convention as the Dsub matrix. Thus, for the example provided to describe Dsub above
(as in Equation (5)), the Dch matrix would be defined as
Dch =
[
d1 d2 d3 d4 d5 d6
]
=

0 dx,ch 2dx,ch 0 dx,ch 2dx,ch
0 0 0 0 0 0
0 0 0 dz,ch dz,ch dz,ch
 . (5)
Together, Dch and Dsub describe the complete array geometry.
When Nsub and Psub are both equal to 1, the Dsub matrix is only a single 3 × 1
element position vector. Under these conditions, each subarray consists of a single
element, and the subarray phase center position vectors (stored in Dch) communicate
the locations of each element. Such conditions describe an array with an ADC behind
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every element.
2.1.1 Antenna Pattern.
The antenna pattern for the modeled antenna can be formed using a steering
vector approach, as outlined in detail in Chapter III of [3] and summarized here.
This model is valid for narrowband signals. The spatial frequencies of the antenna
pattern in the x and z directions, ϑx and ϑz respectively, are defined as
ϑx =
dx cos θ sinφ
λ0
, (6)
ϑz =
dz sin θ
λ0
, (7)
where λ0 is the wavelength of the center operating frequency of the radar and θ
and φ are a single elevation and azimuth from the full raster of radar elevations and
azimuths, (θ,φ). Azimuthal and elevation steering vectors are are used to formulate
the array factors of both the digitized channels and the subarrays. The subarray
azimuthal and elevation steering vectors are defined as
asub (ϑx) =
[
1 ei2piϑx . . . ei2pi(Nsub−1)ϑx
]T
, (8)
esub (ϑz) =
[
1 ei2piϑz . . . ei2pi(Psub−1)ϑz
]T
. (9)
The channel azimuthal and elevation steering vectors are defined as
ach (ϑx,ch) =
[
1 ei2piϑx,ch . . . ei2pi(Nch−1)ϑx,ch
]T
, (10)
ech (ϑz,ch) =
[
1 ei2piϑz,ch . . . ei2pi(Pch−1)ϑz,ch
]T
, (11)
when ϑx,ch and ϑz,ch are calculated using the horizontal and vertical distances between
subarray channel phase centers, dx,ch and dz,ch respectively.
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The subarray factor, Wsub (θ, φ) and the digital array factor Wch (θ, φ), are formed
from the azimuthal and elevation steering vectors as given by
Wsub (θ, φ) = [esub (ϑz)⊗ asub (ϑx)]T , (12)
Wch (θ, φ) = [ech (ϑz,ch)⊗ ach (ϑx,ch)]T . (13)
The full antenna pattern is given by
G (θ, φ) = |Wch (θ, φ)|2Gsub (θ, φ) , (14)
in which Gsub (θ, φ) is the subarray pattern. The subarray pattern is expressed as
Gsub (θ, φ) = |Wsub (θ, φ)|2 g (θ, φ) , (15)
in which g (θ, φ) is the element power pattern (simply referred to as the element
pattern). It should be noted that when Nsub and Psub are both equal to 1, the
subarray pattern becomes equivalent to the element pattern. The element pattern is
formulated from the element voltage pattern, f (θ, φ), as
g (θ, φ) = |f (θ, φ)|2 . (16)
The voltage element pattern used in prior models [1–4] utilized a cosine pattern
in elevation and azimuth, with a element gain, ge, and backlobe attenuation factor,
be, where
f (θ, φ) =

ge cos θ cosφ, −90o ≥ φ, θ ≥ 90o
bege cos θ cosφ, 90
o ≥ φ, θ ≥ 270o.
(17)
The cosine element pattern experiences steep gain losses for look directions off of
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boresight. As this research focuses on radar applications for which wide look angles are
desirable, this research models a microstrip radiating element pattern which provides
a flatter response across look angles [9]. The microstrip radiating element is more
representative of element patterns found in modern radars. The element pattern of
the microstrip radiating element is defined as
f (θ, φ) =

ge
sin(S sin θ)
2 sin(S2 sin θ)
sin(S sinφ)
2 sin(S2 sinφ)
, −90o ≥ φ, θ ≥ 90o
bege
sin(S sin θ)
2 sin(S2 sin θ)
sin(S sinφ)
2 sin(S2 sinφ)
, 90o ≥ φ, θ ≥ 270o,
(18)
in which S is the spacing between two slots within the microstrip in electrical de-
grees. Manipulation of S allows the element designer to widen or narrow the element
beamwidth as necessary. Throughout this research S is set to correspond to a 2 dB
drop in gain when steered 60o off boresight.
When the spacing between elements is greater than λ0
2
, as is clearly satisfied for
the array factor Wch when Nsub and Psub are greater than 1, multiple maxima of equal
magnitude are formed in the pattern [10]. While the principal maxima in the look
direction of interest is referred to as the mainbeam, the other maxima are referred to
as grating lobes. The locations of the grating lobes, (θGL, φGL), can be predicted by
θGL = sin
−1
(
sin(θ0)± lλ0
dz,ch
)
,
φGL = sin
−1
 cos(θ0) sin(φ0)± mλ0dx,ch
cos
(
sin−1
(
sin(θ0)± lλ0dz,ch
))
 , (19)
for which l = 0, 1, 2, . . . , m = 0, 1, 2, . . . , and (θ0, φ0) is the desired look direction [10].
Letting l = m = 0 in the Equations in (19) results in the location of the mainbeam.
In order for a given l and m combination to yield a real grating lobe in the pattern,
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the following condition must be met [5]
(
cos(θ0) sin(φ0)± mλ0
dx,ch
)2
+
(
sin(θ0)± lλ0
dz,ch
)2
< 1. (20)
The locations of the grating lobes in the digital array factor, Wch, are significant
as they can cause ambiguous perceived returns throughout the radar’s field of view.
While the development to this point is useful for calculating beam patterns of
antennas whose element positions adhere to strictly uniform spacing, a more flexible
development will allow for calculation of antenna patterns of arrays with non-uniform
element placements. For antenna patterns utilizing a non-uniform element layout, [11]
derives the array beam pattern by formulating the array factors as
Wsub (θ, φ) =
[
e
i2pi
λ0
kˆ(θ,φ)Dsub
]T
, (21)
Wch (θ, φ) =
[
e
i2pi
λ0
kˆ(θ,φ)Dch
]T
, (22)
in which kˆ (θ, φ) is the 1 × 3 pointing vector of unit length. The pointing vector
kˆ (θ, φ) is expressed as
kˆ (θ, φ) =
[
cos(θ) sin(φ), cos(θ) cos(φ), sin(θ)
]
. (23)
When the elements are uniformly spaced, the steering vector and arbitrary ele-
ment placement approach yield equivalent antenna patterns. This equivalence can be
understood by observing that
e
i2pi
λ0
kˆ(θ,φ)Dsub = esub (ϑz)⊗ asub (ϑx) , (24)
e
i2pi
λ0
kˆ(θ,φ)Dch = ech (ϑz,ch)⊗ ach (ϑx,ch) . (25)
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2.1.2 Noise Model.
The noise model in this research follows the development in [12]. Summarized
here, greater detail can also be referenced in Chapter 2 of [2] or Chapter 3 of [3].
The noise in this research is simulated as complex white Gaussian noise of power
σ2, with independent realizations at each element of the array. The assumption of
white noise remains valid as long as the Pulse Repetition Frequency (PRF) of the
radar is significantly less than the instantaneous bandwidth of the radar waveform [2].
The NsubPsub × 1 single spatial noise snapshot, χn,sub, is represented as
χn,sub ∼ N
(
0,
σ2
2
)
+ iN
(
0,
σ2
2
)
, (26)
χn,sub = [χn,sub,1 . . . χn,sub,NsubPsub ]
T . (27)
The NsubPsub ×NsubPsub clairvoyant covariance matrix, Rn,sub, is
Rn,sub = E
{
χn,subχ
H
n,sub
}
= σ2IMNsubPsub . (28)
The noise values behind each element will change over the duration of time that
training data is being collected. The number of training data samples, t, necessary
to estimate a full covariance matrix is established by the Reed, Mallett and Brennan
Rule from [13]. The Reed, Mallet and Brennan Rule sets the minimum amount of
training data, t, necessary to estimate a covariance matrix equal to twice the number
of adaptive weights to be calculated. For a fully adaptive array with an ADC behind
each element, Reed, Mallet and Brennans rule requires at least t = 2NP samples of
support.
The NsubPsub × t matrix of spatial noise snapshots, Xn,sub, is built through con-
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catenating t realizations of the single spatial noise snapshot χn,sub, as
Xn,sub = [χn,sub,1 . . . χn,sub,t] . (29)
With the full set of noise snapshots, Xn,sub, collected, it is now possible to estimate
the covariance matrix, Rˆn,sub, by averaging over the outer product of all t spatial
snapshots, Xn,sub, as
Rˆn,sub =
1
t
[
Xn,subX
H
n,sub
]
. (30)
There will be deviations in the values of Rˆn,sub from their true values in Rn,sub,
as infinite realizations of training data would be required to perfectly estimate the
covariance matrix and only t are collected.
To represent the noise as it is summed in the digitized channels, the NchPch × 1
single noise spatial snapshot χn,ch, is given by
χn,ch ∼ N
(
0,
NsubPsubσ
2
2
)
+ iN
(
0,
NsubPsubσ
2
2
)
, (31)
χn,ch = [χn,ch,1 . . . χn,ch,NchPch ]
T . (32)
Note that under the subarrayed model in which there is not an ADC behind each
element, the necessary amount of sample support, t, for estimating the covariance ma-
trix [13] has decreased based on the dimensionality of the channels (t = NchPch). The
NchPch ×NchPch clairvoyant noise covariance matrix as formed through the digitized
channels of the antenna, Rn,ch is defined as
Rn,ch = E
{
χn,chχ
H
n,ch
}
= σ2NsubPsubINchPch , (33)
where the Nsub and Psub terms increase the power of the noise linearly based on the
number of elements over which the noise is being summed in each channel [1]. The
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NchPch × t collection of spatial noise snapshots, Xn,ch is built through concatenating
t realizations of the single spatial noise snapshot χn,ch, as
Xn,ch = [χn,ch,1 . . . χn,ch,t] . (34)
The estimated covariance matrix, Rˆn,ch, is given by
Rˆn,ch =
1
t
[
Xn,chX
H
n,ch
]
. (35)
2.1.3 Jamming Model.
The interference sources simulated in this research are modeled after barrage noise
jammers. According to United States Federal Standard 1037c [14], barrage jamming
“is accomplished by transmitting a band of frequencies that is large with respect to
the bandwidth of a single emitter.” The jammers in this research model are simu-
lated by complex white Gaussian noise in the far field. The jammer quantity (J),
effective radiated power spectral density (Sj), range (Rj), and location in elevation
and azimuth (θj,φj) are determined by the scenario. In a scenario with J jammers,
the jammers number b = 1 . . . J . Thus, the radiated power spectral density of the
bth jammer is Sj,b, the range of the b
th jammer is Rj,b, and the elevation and azimuth
of the bth jammer are (θj,b, φj,b). The power of the b
th jammer, Pj,sub,b, for a single
subarray as incident through the element pattern is given by
Pj,sub,b =
Sj,bg (θj,b, φj,b)λ
2
0
(4pi)2R2j,bLs
. (36)
The output of the bth jammer as received at the subarray face at a single instance,
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αj,sub,b, is drawn as a complex white Gaussian noise sample as
αj,sub,b ∼ N
(
0,
Pj,sub,b
2
)
+ iN
(
0,
Pj,sub,b
2
)
. (37)
The NsubPsub × 1 spatial snapshot from the bth jammer, χj,sub,b, represents the
jamming value αj,sub,b as received by each of the NsubPsub subarray elements
χj,sub,b = [esub (ϑz,sub,b)⊗ asub (ϑx,sub,b)]αj,sub,b. (38)
For non-uniform element locations, the spatial snapshot of the bth jammer can be
calculated as
χj,sub,b = αj,sub,b
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dsub
]T
. (39)
The NsubPsub × 1 spatial snapshot from all J jammers in the scenario, χj,sub, is
formed by adding all of the individual snapshots
χj,sub = χj,sub,1 + · · ·+χj,sub,b + · · ·+χj,sub,J . (40)
The clairvoyant jamming covariance matrix of a lone subarray, Rj,sub, is
Rj,sub = E
{
χj,subχ
H
j,sub
}
, (41)
Rj,sub =
J∑
b=1
Pj,sub,b (θj,b, φj,b)
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dsub
]H [
e
i2pi
λ0
kˆ(θj,b,φj,b)Dsub
]
. (42)
The 1 × t vector of jammer amplitudes, αj,sub,b, received by the subarray from
the bth jammer provide the necessary set of observations to constitute a full set of
training data [13]. The jammer amplitudes are modeled as complex white Gaussian
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noise, and consist of samples of αj,sub,b as
αj,sub,b = [αj,sub,b,1 . . . αj,sub,b,t] . (43)
Considering the bth jammer in the scene, the NsubPsub × t space time jammer
snapshot of the subarray, Xj,sub,b, is given by
Xj,sub,b = [esub (ϑz,b)⊗ asub (ϑx,b)]αj,sub,b, (44)
or in the case of non-uniform element spacing via
Xj,sub,b =
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dsub
]T
αj,sub,b. (45)
The collection of spatial snapshots from all jammers in the scene, Xj,sub, is created
by summing the spatial snapshots of all of the individual J jammers
Xj,sub = Xj,sub,1 + · · ·+ Xj,sub,b + · · ·+ Xj,sub,J . (46)
The estimated jammer covariance matrix is then formed from the outer product
of the jammer space time snapshot, as
Rˆj,sub =
1
t
[
Xj,subX
H
j,sub
]
(47)
in the case that
E {αj,sub,bαj,sub,f} = 0, ∀ b 6= f. (48)
The power of the bth jammer incident upon the antenna as received through the
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subarray pattern, Pj,ch,b (θj,b, φj,b), is given by
Pj,ch,b =
Sj,bGsub (θj,b, φj,b)λ
2
0
(4pi)2R2j,bLs
. (49)
The output of the bth jammer as received at the array face at a single instance,
αj,ch,b, is drawn as a complex white Gaussian noise sample as
αj,ch,b ∼ N
(
0,
Pj,ch,b
2
)
+ iN
(
0,
Pj,ch,b
2
)
. (50)
The NchPch×1 spatial snapshot from the bth jammer represents the jamming value
αj,ch,b as received by each of the NchPch array channels
χj,ch,b = [ech (ϑz,ch,b)⊗ ach (ϑx,ch,b)]αj,ch,b. (51)
For non-uniform element locations, the spatial snapshot of the bth jammer can be
calculated as
χj,ch,b = αj,ch,b
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dch
]T
. (52)
The NchPch×1 spatial snapshot from all J jammers in the scenario, χj,ch, is formed
by adding all of the individual snapshots
χj,ch = χj,ch,1 + · · ·+χj,ch,b + · · ·+χj,ch,J . (53)
The clairvoyant jammer covariance matrix as seen through the digitized channels,
Rj,ch, will be of NchPch ×NchPch dimensionality and is equivalent to the expectation
of the outer product of the collection of spatial jammer snapshots as formed through
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the digitized channels, Xj,ch, as given by
Rj,ch = E
{
χj,chχ
H
j,ch
}
, (54)
Rj,ch =
J∑
b=1
Pj,ch,b (θj,b, φj,b)
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dch
]H [
e
i2pi
λ0
kˆ(θj,b,φj,b)Dch
]
. (55)
The 1 × t vector of jammer amplitudes received through the digitized channels
from the bth jammer, αj,ch,b, provides the necessary set of observations to constitute a
full set of training data [13]. The jammer amplitudes are modeled as complex white
Gaussian noise, and consist of samples of αj,ch,b as
αj,ch,b = [αj,ch,b,1 . . . αj,ch,b,t] . (56)
The NchPch×t collection of spatial jammer snapshots from the bth jammer, Xj,ch,b,
is calculated using αj,ch,b as
Xj,ch,b = [ech (ϑz,ch,b)⊗ ach (ϑx,ch,b)]αj,ch,b, (57)
or in the case of non-uniform element locations via
Xj,ch,b =
[
e
i2pi
λ0
kˆ(θj,b,φj,b)Dch
]T
αj,ch,b. (58)
The spatial snapshot of all jammers in the scene, Xj,ch, is created by summing
the spatial snapshots of all of the individual J jammers
Xj,ch = Xj,ch,1 + · · ·+ Xj,ch,b + · · ·+ Xj,ch,J . (59)
The estimated jammer covariance matrix is calculated by taking the outer product
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of the collection of spatial jammer snapshots, as
Rˆj,ch =
1
t
[
Xj,chX
H
j,ch
]
, (60)
in the case that
E {αj,ch,bαj,ch,f} = 0, ∀ b 6= f. (61)
The full collection of spatial snapshots which encompass both the noise and jam-
mer components is found by summing the snapshots from each model, as shown,
whether from the single subarray or channel perspective
Xsub = Xn,sub + Xj,sub, (62)
Xch = Xn,ch + Xj,ch. (63)
The same relationship holds for clairvoyant and estimated covariance matrices for
the single subarray and channel perspectives
Rsub = Rn,sub + Rj,sub, (64)
Rˆsub = Rˆn,sub + Rˆj,sub, (65)
Rch = Rn,ch + Rj,ch, (66)
Rˆch = Rˆn,ch + Rˆj,ch. (67)
2.2 Model Limitations and Assumptions
The airborne radar model used in this research is constrained by a number of
assumptions and limitations, which were deemed to be outside the scope of the re-
search objective. Many of these limitations and assumptions, as they pertain to the
modeling of subarrays and other factors, are documented here.
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2.2.1 Limitations of Subarrayed Model.
Phased array antennas may utilize a subarray architecture for a variety of reasons.
It may be because the expense of an ADC behind each element is too costly, or the
data handling and processing burdens would be too great. Subarrays also enable the
ability to use a single array for multiple functions simultaneously, including radar,
communications, electronic warfare, etc.
By assuming the array elements utilize half-wavelength spacing, grating lobes in
the total antenna pattern, G, are avoided. However, in synthesizing an array factor,
Wpc (Equation (13)), from the phase centers of the C non-overlapping subbarrays the
half-wavelength distance is exceeded and grating lobes can be observed. In practice,
the array factor is multiplied by the subarray pattern, Gsub (Equation (15)), resulting
in the original antenna pattern G (Equation (14)) [15].
Under narrowband conditions and using the element spacing described above,
the nulls of Gsub align with the grating lobes of Wpc, and cancel the grating lobes.
However, as soon as the frequency of the incident signal starts deviating from the
narrowband, the nulls of Gsub can become disaligned with the grating lobes of Wpc,
causing grating lobes in the resultant antenna pattern G. This research does not
consider frequencies other than those matched to the half-wavelength element spac-
ing of the central operating frequency, λ0. However, misalignment of Gsub and Wpc
can also occur from machining errors in the aperture [16], or errors in the manifold
calibration. Additionally, to have perfect knowledge of an array manifold requires
constant recalibration [17] which is typically not practical in an operating environ-
ment. Grating lobes arising from aperture errors or in the subarray architecture or
manifold calibration errors are not examined in this research.
When phase shifters behind each element are used to steer the beam, deviations
from the narrowband can result in an effect referred to as “phase squint” [5]. The
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instantaneous employable bandwidth of the array (in percent) is roughly equal to
the beamwidth of the subarray (in degrees) [18]. “Phase squint” can cause a shift
in the subarray factor to the point where the nulls become misaligned and fail to
suppress the array pattern grating lobes. This research does not consider frequencies
other than those matched to the half-wavelength element spacing, and so the effects
of “phase squint” are not examined. Arrays that use time delays as a means of phase
manipulation are not susceptible to “phase squint.”
A common practice in antennas utilizing subarrayed architectures is to overlap
the subarrays in order to achieve better sidelobe performance [19], [20]. Overlapping
refers to a technique in which the return from a single element may contribute to
two or more different subarray channels. Using an overlapping subarray architecture
changes the shape of the subarray pattern, Gsub. Thus, overlapping subarrays can
be designed to suppress the grating lobes of the array factor, Wpc, for frequencies
outside of the center operating frequency of the array. Overlapping subarrays can be
used to counteract the effects of “phase squint,” or grating lobes arising from aperture
errors or manifold calibration errors. The technique of overlapping subarrays is not
modeled in this research.
Other random sources of array error are not accounted for. For instance, the
effects of random phase and amplitude errors when setting adaptive weights are not
considered. Thus the increased sidelobe levels, pointing errors, and directivity de-
creases that stem from such error [5] are unexamined. Methods of accounting for
and minimizing such errors for different subarray construction methods are analyzed
in [15]. (The effects of phase and amplitude quantization, however, and the result-
ing “quantization lobes,” are accounted for in the radar model and explored in this
research in Section 4.3.3).
This research makes the assumption that every element of the array has an iden-
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tical element pattern, shown in Equation (16), which fails to account for the effect
of mutual coupling. In practice, centrally located elements of an array will have
similar element patterns, while element patterns from the array edges will be asym-
metrical [5]. This will have an effect on the mainbeam and sidelobe gain levels of
the antenna pattern. With control over the source voltage to each element, and a
knowledge of each element’s pattern in the presence of mutual coupling, low-sidelobe
patterns can be synthesized. The practice is not dissimilar in nature to array tapering,
in which different windows can be applied to phase weights to improve sidelobe per-
formance. Many such windows and their performance are examined in [21]. However,
no array tapering techniques are examined in this research.
Finally, little consideration was given to the optimality of the chosen subarray
configurations of the proceeding scenarios, which can be graded on a number of factors
(such as sidelobe level after adaptation, conduciveness to super resolution techniques,
suitability for difference beamforming, etc). The optimality of subarray configurations
is considered in depth in [22].
2.2.2 Other Limitations and Assumptions.
The airborne radar model used in this research does rely on various other as-
sumptions unrelated to the subarray simulation. For instance, Doppler tolerance is
assumed for all transmitted waveforms. This simplifies the time frequency autocor-
relation function to 1. This model does not account for aircraft flying at a crab
angle, thus the Doppler shift of a return at boresight (y-positive axis to the radar)
is always equal to 0. This model also discounts the effects of sky clutter, as they are
assumed negligible compared to the effects of the ground clutter, interference, and
noise signals.
The model presented does not include modeling of clutter. Inclusion of a clutter
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model would not only allow for analysis on the real versus digital adaptation tradeoffs
on ground clutter, but would introduce a Doppler dependence on what is presented
here as a spatial analysis.
In the realm of interference suppression, techniques must sometimes be used to
prevent adapting the array weights from repressing target returns in the mainbeam
[23]. In the past, target returns were generally much weaker than sidelobe jamming
signals, and limited degrees of freedom (DOF) constrained the ability to place nulls.
In modern radars that place more power on the target and have more DOF, care
must be taken that the target return is not adaptively nulled. Different time domain,
frequency domain, and angle domain techniques, such as those examined in [23] seek
to prevent target nulling in the mainbeam. The techniques presented herein have
similarities to the “sample-and-hold” method presented in [23], but in general such
techniques are not considered in this research.
This model does not account for multi-path reflections of jamming signals off of
aircraft surfaces. Such reflections can decorrelate the jamming signal, and require the
placement of widened nulls [24]. In order to reduce the null width, multipath tech-
niques and rapid adaptation of element weights are required. Reflections of jamming
signals off aircraft surfaces and the methods to account for them are not considered
in this research.
Finally, the techniques herein do not consider phase-only weighting algorithms.
While amplitude-phase weights are required for an optimal weighting solution [25],
some manifolds may only provide phase weighting capability. In this case a unique
solution to the weighting vector does not exist. Many algorithmic techniques have
been developed to calculate the optimum set of phase-only weights, such as in [26,27]
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Figure 4. Modeled receive/transmit chain, consisting of a microstrip radiating antenna
element followed by a mixdown stage, and an attenuator and phase shifter which allow
individual weights to be placed on each element. The elements sum into a single ADC
for each subarray.
2.3 Spatial Filtering
The model described in Section 2.1 will be used to evaluate the performance of
different spatial filters in suppressing spatially localised interference. The antenna
pattern defined by Equation (14) constitutes a spatial filter. The pattern can be
steered or adapted using weights. The application of different weights constitute
unique spatial filters. The mechanisms to calculate different spatial filters, and the
metrics used to evaluate them are described in this section. Figure 4 shows the receive
chain for the radar model in which the manifold connecting the antenna and radar
processor is assumed to be known and calibrated unless otherwise stated. The figure
depicts the phase shifter and attenuator hardware via which the subarray weights are
implemented and the radar processor in which the digital channel weights are applied.
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2.3.1 Non-Adaptive Spatial Filter.
In order to steer the antenna pattern for maximum gain in the desired look di-
rection, (θ0, φ0), both the digital array factor and subarray factor are steered toward
that direction. As such, both a set of weights to be applied digitally to the channels,
wch, and a set of weights to be applied in hardware behind the subarray elements,
wsub, must be calculated. Steering weights are calculated from the antenna geometry.
When considering the set of digital steering weights, a steering vector vch(θ, φ) of
length NchPch for a single (θ0, φ0) look angle is represented mathematically as
vch(θ0, φ0) = ech (ϑz,ch,0)⊗ ach (ϑx,ch,0) , (68)
or when using non-uniform elements, as:
vch(θ0, φ0) = e
i2pi
λ0
kˆ(θ0,φ0)Dch , (69)
where each of the NchPch values correspond to a channel of the array.
When considering the set of weights to be applied in hardware behind the subarray
elements, a steering vector vsub(θ0, φ0) of lengthNsubPsub for a single (θ0, φ0) look angle
is represented mathematically as
vsub (θ0, φ0) = esub (ϑz,0)⊗ asub (ϑx,0) , (70)
or when using non-uniform elements, as
vsub (θ0, φ0) = e
i2pi
λ0
kˆDsub , (71)
where each of the NsubPsub values correspond to an element of the subarray. It is
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important to have accurate knowledge of the array manifold (as stored in Dch and
Dsub) so that the steering vector is accurately matched to the array. If the manifold
is not well known the steering vector will be mismatched to the array. Steering vector
mismatch will lead to suboptimal target signal power output through the spatial
filter [28].
These steering vectors are equivalent to the weight vectors that will steer the
digital array factor and subarray factor to the given look direction, yielding
wch (θ0, φ0) = vch (θ0, φ0) , (72)
wsub (θ0, φ0) = vsub (θ0, φ0) . (73)
The weights are used to steer their respective array factors as given by
Wch (θ, φ) =
[
e
i2pi
λ0
kˆ(θ,φ)Dch
]T
wch (θ0, φ0) , (74)
Wsub (θ, φ) =
[
e
i2pi
λ0
kˆ(θ,φ)Dsub
]T
wsub (θ0, φ0) . (75)
When both of these sets of weights are steered towards a target and used to
formulate the antenna pattern given by Equation (14), the resultant antenna pattern
is referred to as the signal matched filter [29].
2.3.2 Optimum and Adaptive Spatial Filters.
In order to spatially filter interference, the weights are derived from estimates of
the interference statistics as measured through the array manifold. Both Rch and Rsub
are non-singular and of full rank (as will always be the case due to the assumption
of white Gaussian noise in the receive chain of each element). As Rch and Rsub
are of differing dimensionalities, the weight sets calculated from each will afford a
differing number of DOF. First consider the weight set of the digitized array factor.
28
Of the NchPch eigenvalues of the NchPch ×NchPch covariance matrix, one will be set
by the look angle of the array. Thus, NchPch − 1 eigenvalues remain to fulfill other
constraints, such as casting nulls in the digital array factor. As such, NchPch − 1 is
the number of adaptive DOF of the digital array factor. By following the same logic
it can be concluded that NsubPsub− 1 is the number of adaptive DOF of the subarray
factor. Therefore, if both array factors are made adaptive, one could potentially
utilize (NchPch − 1) + (NsubPsub − 1) adaptive DOF. When there is an ADC behind
every element, the adaptive DOF simplifies to NP − 1.
The steering vector vch(θ0, φ0) can be used to calculate the optimum weights
wch(θ0, φ0), also referred to as the Weiner filter, to apply to the digital channels. The
Weiner-Hopf equation minimizes the mean square error between an estimated random
process and a desired random process [30,31]. As the motivation of this research is to
suppress barrage noise jamming signals impinging on a planar array, a matrix form of
the Weiner-Hopf equation utilizing DOF in both azimuth and elevation can be used
to calculate the optimum weight vector [32]
wch(θ0, φ0) = R
−1
ch vch(θ0, φ0), (76)
and the steering vector vsub(θ0, φ0) can be similarly used to calculate the optimum
weights to apply in hardware to the subarray elements
wsub(θ0, φ0) = R
−1
subvsub(θ0, φ0). (77)
When both weight sets are calculated using clairvoyant knowledge of the noise
and jamming statistics, and when used to form their respective array factors (as in
Equations (74) and (75)) the resultant antenna pattern is referred to as the optimum
spatial filter [29].
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When clairvoyant knowledge of the noise and jamming statistics is not available,
the weight sets can be adapted to estimated noise and jamming statistics as given by
wˆch(θ0, φ0) = Rˆ
−1
ch vch(θ0, φ0), (78)
wˆsub(θ0, φ0) = Rˆ
−1
subvsub(θ0, φ0). (79)
When both weight sets are calculated using estimated knowledge of the noise
and jamming statistics, and when used to form their respective array factors (as in
Equations (74) and (75)) the resultant antenna pattern is referred to as the adaptive
spatial filter [29].
2.3.3 Interference Mitigation Metrics.
In order to evaluate the performance of differing spatial filters, a number of inter-
ference mitigation metrics can be utilized. The Signal-to-Noise Ratio (SNR) for any
given (θ, φ) through the subarrayed antenna is given by
SNRsub(θ, φ) = NchPchξm(θ, φ), (80)
in which ξm represents the per-sample SNR for a single subarray, defined as
ξm(θ, φ) =
PtG(θ, φ)Gsub(θ, φ)λ
2
0σt
(4pi)3LsNsubPsubσ2R4t
, (81)
in which Pt is the transmit power, G(θ, φ) references the antenna pattern on transmit,
g(θ, φ) references the element pattern on receive, σt is the target Radar Cross Section
(RCS), σ2 is the noise power, Rt is the target range, and in which the noise power is
coherently summed for all NsubPsub elements of the subarray before the ADC. The
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Signal-to-Interference and Noise Ratio (SINR) output of the subarrayed antenna is
SINRsub(θ, φ) =
σ2NsubPsubξm(θ, φ)
∣∣wHch(θ0, φ0)vch(θ0, φ0)∣∣2
(wHch(θ0, φ0)Rchwch(θ0, φ0))
, (82)
in which Nsub and Psub appear in the numerator to cancel the noise component of
ξm(θ, φ).
The coverage improvement metric for the subarrayed case utilizes JNSRsub, de-
fined as
JNSRsub(θ, φ) =
wch(θ0, φ0)
HRchwch(θ0, φ0)
σ2NsubPsubξm(θ, φ) |wch(θ0, φ0)Hvch(θ0, φ0)|2
= SINRsub(θ, φ)
−1.
(83)
2.3.4 System Performance Metrics.
The percentage of the scannable volume denied to the system due to jamming
serves as an important metric for evaluating a system’s spatial nulling capability.
A system’s coverage area is defined here as the scannable area in azimuth and el-
evation over which the system is designed to operate. Coverage statistics are used
in determining a particular adaptive antenna pattern’s effectiveness in suppressing
interference [33].
It is useful to calculate the Jamming and Noise-to-Signal Ratio (JNSR) over a
search volume while fixing the interference sources, to gauge the impact of jamming
as a function of look angle (for an example, see Figure 20). The JNSR can be
quantified by plotting the percentage of the field of view having a JNSR that is less
than a threshold.
While JNSR is useful for analyzing the effect of a single adaptive filtering method,
it is useful to have a metric which compares the results of two different filtering meth-
ods. The Coverage Improvement Factor (CIF) is a ratio which shows the improvement
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of an adaptive technique over the quiescent (i.e. non-adaptive) response at one par-
ticular look angle by comparing the JNSR of each [33], as given by
CIF (θ, φ) =
JNSRQ(θ, φ)
JNSRA(θ, φ)
, (84)
for which JNSRQ is the JNSR of the quiescent response and JNSRA is the JNSR
of the adaptive response. The CIF statistics can be visualized by plotting the field
of view percentage at which the adaptive response provides a given level of JNSR
improvement relative to the non-adaptive response.
2.4 Relevant Research Efforts
A variety of research efforts with related motives have been undertaken in recent
years. Many of these are based on underwater SOund Navigation And Ranging
(SONAR) applications that have analogs to the RF environment. In [34] methods for
nulling transient interference sources in short time intervals are examined. Restricting
the time interval for adaptation causes the unwanted effect of error in the weights
which are generated (error which could supercede any performance gains from a
faster adaptive interval). Thus, for short interval adaptation, weights are able to
be generated. The goal of the research was to effectively null the transient interferer
with a limit on the number of weights. The few weights adapted to the transient
interferer are then only applied on the time scale in which the transient interferer is
present, and the full set of adaptive weights is used for the long duration interference
sources.
Multi-rate adaptive nulling within the field of SONAR is examined in [35] and [36].
Receive arrays of SONAR systems can grow to very large sizes, with a similarly large
number of elements. A larger number of elements requires a longer snapshot to be
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taken in order to create a covariance matrix. In the time it takes some SONAR
systems to create this covariance matrix, as limited by both the number of samples
that need to be gathered and the time it takes for a wavefront to traverse the entire
array face, interferers may have moved by a nontrivial amount. Cox proposes a
solution not dissimilar to the one developed in [34] in which a lower rank covariance
matrix is simultaneously formed at a more frequent interval. In this lower rank
subspace, moving interferers can be tracked and nulled while the larger covariance
matrix is being built, thus allowing weaker signals to be detected despite the presence
of moving interferers.
In the field of radar, strides have been made in using adaptive algorithms to
improve nulling in the presence of interference. In [37] and various associated reports
( [38], [39]), the processing limits that can be imposed through adaptive beamforming
are examined. For large arrays which have an ADC behind each element, adapting on
all DOF for every iteration is very processor intensive. Rabideau proposes a method
by which known jammers, once initially found, are nulled at a seperate processor
stage controlling a subset of the total DOF. Thus, the processor does not have to
waste power by readapting to known jamming presences. Of course, motion of the
acquired jammers can then cause significant performance drop off.
As a known antenna manifold is central to the argument of this thesis, it is worthy
to note [17] which proposes an algorithm that uses knowledge of the statistics of sea
clutter to recalibrate the manifold of a ship-borne radar system while deployed. Such
an algorithm, in conjuction with knowledge-aided techniques such as those postulated
by DARPA’s KASSPER program [40], could in the future potentially be capable of
calibrating an airborne radar antenna using the clutter statistics of a known patch of
ground while in operation.
Spectral estimation using subarrayed phased array antennas has already been
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postulated, initially in [8] and extended in [7]. Both offerings feature the practicality
that a fully known antenna manifold is not required (as many radar subarrayed radar
systems contain thousands of elements). Rather, they calculate the MUltiple SIgnal
Classification (MUSIC) spectrum form the subarray phase centers using the known
subarray gains. While practical, this approach constrains the number of angle of
arrivals (AOAs) returned to the C − 1 channel limit inherent to eigenvalue based
spectral analysis techniques [41].
It should be mentioned that any of a long lineage of algorithmic spectral estimation
techniques (i.e. those found in [41–43] to note a few main contributions) could, and
potentially should, be applied in providing the “knowledge” component necessary for
the analog subarray adaptation presented in this thesis. Of historical note in relation
to this thesis is [44] which first boasted the ability to estimate the AOAs of multiple
signal sources using an adaptive antenna array. Berni’s algorithm harnessed a control
loop which was designed to adaptively cancel incident signals with the analog beam
pattern. The concavities of the final pattern after all signals were cancelled offered
up to C − 1 AOA estimates. Berni’s method was unique in that it combined analog
beamforming and digital processing, and as such offers a historical analog to this
thesis today.
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III. Methodology
The investigative method of this research is software simulation. The spatial fil-
ters evaluated in this research are formed using five different methods. Each of the
methods will be explained, culminating in the Knowledge-Aided Subarray Pattern
Synthesis (KASPS)-Adaptive Digital Beamforming (ADBF) method which is the ma-
jor contribution of this research. Next, a concept of operations for the KASPS-ADBF
method is postulated. In demonstrating the KASPS-ADBF method, prior knowledge
of the jamming signal angle of arrival (AOA) in elevation and azimuth, (θj, φj), and
jammer power at the array face is assumed (i.e., knowledge-aided). To investigate
the effectiveness of the KASPS-ADBF method in the presence of AOA estimation
error, aperture error, and when the subarray weights are quantized (a necessity of
hardware implementation; hardware represented in Figure 4), a sensitivity analysis
of the KASPS technique will be performed.
3.1 Antenna Pattern Methodologies
In Section 2.3 it was shown how weight sets can be calculated to either steer or
adapt the digital array factor and subarray factor. In this section it will be shown
how these weights can be calculated and applied in order to spatially filter via five
different methods of varying levels of adaptivity. Figure 5 may be referenced to
provide the reader with a quick visual reference for the technique used to create the
results in question. Digital Beam Steering (DBS) refers to an array with an analog-
to-digital converter (ADC) behind every element for which no digital adaptivity has
been applied. ADBF refers to an array with an ADC behind every element for
which digital adaptivity has been applied. Subarray Beam Steering (SBS)-DBS refers
to a subarrayed array for which no digital adaptivity or subarray adaptivity has
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Figure 5. Legend for the pattern forming techniques used to generate the results
throughout Chapter IV.
been applied. SBS-ADBF refers to a subarrayed array for which digital adaptivity
has been applied but subarray adaptivity has not. Finally, KASPS-ADBF refers
to a subarrayed array for which digital adaptivity is applied while subarray pattern
synthesis is also in use.
3.1.1 Digital Beam Steering (DBS).
For arrays which possess an ADC behind every element (Nsub = Psub = 1), all
weighting may occur digitally. Thus, there are no hardware weights in the element
receive chains, and only the set of digital weights, wch, is calculated. The antenna
pattern of such an array may be steered by this digital weight set, as described in
Section 2.3.1. This method is referred to herein as DBS. The resulting antenna
pattern constitutes a non-adaptive spatial filter, and in a noise-only environment will
provide the best Signal-to-Noise Ratio (SNR) for the desired look direction. The
digital weight set is used to non-adaptively steer the beam as depicted in Figure 6.
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Figure 6. Processing chain depicting how digital weights are used to steer the beam of
an array with an ADC behind each element.
3.1.2 Adaptive Digital Beam Forming (ADBF).
In keeping with an array possessing an ADC behind every element (Nsub = Psub =
1) for which only the set of digital weights is calculated, wch may be adapted to the
noise and interference of the environment. The antenna pattern of such an array is
formed by this digital weight set, as described in Section 2.3.2. This method is referred
to herein as ADBF. The resulting antenna pattern constitutes an adaptive spatial
filter, and in a noise plus interference environment will provide the best Jamming
and Noise-to-Signal Ratio (JNSR) for the desired look direction. Having an ADC
behind each element yields a “fully adaptive” solution, as this configuration yields
the highest number of adaptive degrees of freedom (DOF) (NP − 1). The digital
weight set is used to adaptively form the beam as depicted in Figure 7.
3.1.3 Subarray Beam Steering-Digital Beam Steering (SBS-DBS).
When subarrays are introduced into the array architecture (Nsub > 1 and/or
Psub > 1), the set of subarray weights must be calculated in addition to the set
of digital weights. In the absence of interference, an antenna may steer each of the
subarrays towards a direction of interest and also steer the digital array factor towards
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Figure 7. Processing chain depicting how digital weights are used to adapt the beam
of an array with an ADC behind each element.
the direction of interest in order to place maximum subarray gain on a target. This
method is referred to herein as SBS-DBS. The subarray factor and digital array
factor of such an array may be steered by their respective weight sets, as described
in Section 2.3.1. As such, the resultant antenna pattern constitutes the non-adaptive
spatial filter. The antenna pattern of this spatial filter is formed by the subarray and
digital weight sets, as depicted in Figure 8.
3.1.4 Subarray Beam Steering-Adaptive Digital Beam Forming (SBS-
ADBF).
As noted above, when subarrays are introduced into the array architecture (Nsub >
1 and/or Psub > 1), the set of subarray weights must be calculated in addition to the
set of digital weights. Conventional subarrayed antennas steer each of the subar-
rays towards the direction of interest in order to place maximum subarray gain on
the target, and then adapt the digital array factor in order to mitigate interference
received through the subarray pattern. This method is referred to herein as SBS-
ADBF. The subarray factor of such an array may be steered by the subarray weight
set, as described in Section 2.3.1. The digital array factor is adapted to the noise and
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Figure 8. Processing chain depicting how both subarray and digital weights are used
to steer the beam of a subarrayed antenna.
interference of the environment as received through the subarray factor. As such, the
subarray factor is reflective of the non-adaptive spatial filter and the digital array
factor is reflective of the adaptive spatial filter. The antenna pattern of this spatial
filter is formed by the subarray and digital weight sets, as depicted in Figure 9.
3.1.5 Knowledge Aided Subarray Pattern Synthesis-Adaptive Digital
Beam Forming (KASPS-ADBF).
In order to improve the interference suppression capabilities of subarrayed systems,
it may be advantageous to use the subarray weights to adapt the subarray factor to
the noise and interference of the environment, as is shown in Equation (79), as is
done in ADBF. However, calculating adaptive subarray weights in practice presents a
challenge not faced in calculating adaptive digital weights. In calculating the adaptive
digital weight set the covariance matrix, Rˆch, can be estimated in the radar processor.
By contrast, there is no way to observe the subarray covariance matrix, Rˆsub, within
the antenna manifold. Thus, a synthetic covariance matrix, R¯sub, must be generated
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Figure 9. Processing chain depicting how subarray weights are used to steer the subar-
ray factor and digital weights are used to adapt the digital array factor of a subarrayed
antenna.
(as opposed to measured) in order to facilitate the calculation of the adaptive subarray
weights
w¯sub(θ0, φ0) = R¯
−1
subvsub(θ0, φ0). (85)
The subarray covariance matrix, R¯sub, can be synthesized in keeping with the devel-
opment throughout Section 2.1 culminating in Equation (65). However, this synthesis
requires knowledge of the jammer locations in azimuth and elevation, and the jammer
power at the array face. Appendix A proposes methods by which this information
may be known. Throughout this research, knowledge of the jammer parameters will
be assumed unless otherwise stated. With the set of adaptive subarray weights and
adaptive digital weights generated, the beam pattern may be formed as depicted in
Figure 10.
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Figure 10. Processing chain depicting how both subarray weights and digital weights
may be used to adapt the antenna pattern of a subarrayed antenna.
3.2 KASPS Concept of Operations
The KASPS-ADBF pattern forming method as described in Section 3.1 places
real nulls in the direction of all jammers. This strategy, however, is not necessarily
the best usage of the real and digital DOF of the array. Consider a simple scenario
in which the desired look angle is (5o,−25o), Jammer 1 is at (5o,−30o), and Jammer
2 is at (5o, 25o). If the phased array only has two channels, then there are not enough
digital DOF to null both jammers. Thus, in this scenario the radar performance may
be improved by using KASPS to suppress interference. However, it is not necessary
to suppress both jamming signals using the subarray pattern. The first jammer is
very near to the desired look angle. Placing a null in the subarray pattern so close to
the look angle would lead to a large loss of gain in the look direction, which would
reduce the signal strength of a hypothetical target return from that direction. Thus, in
certain cases, it is advantageous to use the subarray pattern to null select interference
signals, thereby freeing the digital DOF to null the remaining signals. This decision,
made within the radar processor, is implemented in the synthesis of R¯sub. If R¯sub
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is synthesized to only acknowledge the existence of the jamming signal for which
nullification is desired (in this case, Jammer 2 at (5o, 25o)). The resultant subarray
weight set, w¯sub, when applied to the subarray elements will only null Jammer 2.
The radar processor will then observe a new covariance matrix through the digitized
channels, Rˆch, for which Jammer 2 has been made minimum. The digital weights,
wˆch are calculated using Equation (78). As Jammer 2 will effectively no longer be
sensed by the radar processor, the digital weights, wˆch, will then null Jammer 1 with
the lone digital DOF available to the system.
In this research, the decision to null a jammer digitally or via the subarray pattern
is made via the KASPS algorithm, represented in Figure 11. Consider again the
example given above (and illustrated in Figure 12) with 2 jammers in the scene J
is equal to 2. The radar determines a location of interest and steers the mainbeam
towards that location. It is not placing any subarray pattern nulls so the constraint
list (i.e., the nulls to be placed in the subarray pattern) is empty. The JNSR is
measured without any subarray pattern nulls, meaning that only ADBF is being
used to suppress any interference. The JNSR is then measured with a subarray null
placed towards the first jammer. The JNSR is then measured with a null placed
towards the second jammer. The three measurements are compared. If the nulls
have not improved the JNSR, the unadapted subarray pattern is used. If one of the
nulled subarray patterns produces the lowest JNSR, it is stored as a constraint in
the KASPS constraint list. Now the algorithm will test to see if adding an additional
null to the constraint already found will yield even better performance. With only
one other jammer to test for the second null, J now equals 1. The second null is
cast in the pattern and the JNSR is measured. If the JNSR has been improved, both
subarray pattern nulls will be cast. If the JNSR has not been improved only the initial
subarray pattern null will be cast. In this way, the performance of the array, for a
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Figure 11. Flow diagram demonstrating how the subarray pattern nulling decision is
algorithmically determined.
given look angle, can be iteratively improved. Figure 12 demonstrates the subarray
pattern jammer nulling decision for the example, as made at each look angle across
the field of view. At the look angle discussed in the example, (5o,−25o), it can be
seen that only one of the jamming signals is nulled by the subarray pattern. This
algorithm has not been found to be optimal, nor analyzed for processing efficiency.
It is being postulated here as a concept of operations to demonstrate the potential
benefits of the KASPS technique. More refined algorithmic solutions utilizing the
KASPS technique could and should be developed.
3.3 Sensitivity Analysis
The performance of the KASPS-ADBF method will degrade in the presence of
AOA estimation error, aperture error, or when the hardware subarray weights are
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Figure 12. The various colored fields indicate the number of jammers nulled by the
subarray pattern for the given look angle, as determined by the KASPS algorithm,
detailed in Figure 11. Red X’s indicate the jammer locations.
quantized. Each of these sources of error are examined independently.
3.3.1 Angle of Arrival Estimation Error.
The KASPS technique relies on accurate knowledge of the AOAs of interfering
signals, and of the power of those signals at the array face. Whether this information
is known from external sources or was estimated by the radar, error in the interference
AOA will result in nulls which are not accurately centered on the interfering signal.
Thus, the interference will not be reduced by the subarray factor to the fullest extent
possible, and may still appear as a strong jamming source at the radar processor.
While the majority of results in this thesis are solved without accounting for the
effects of jammer AOA error, jammer AOA is purposefully placed in error in a series
of increasing 1o steps so that the performance of KASPS in the presence of jamming
AOA estimation error can be analyzed in Section 4.3.1.
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3.3.2 Aperture Error.
The KASPS technique assumes a known and calibrated antenna manifold. Im-
perfect knowledge of the manifold can result from a number of sources, including an
un-calibrated manifold or machining errors of the aperture. In order to analyze the
effects of aperture error on the KASPS-ADBF method, a matrix of the true element
positions, D is defined, and a matrix of estimated element positions, Dˆ is defined.
The matrix Dˆ represents where the radar processor believes the elements lie. The
radar processor, in this research, assumes perfectly uniform half-wavelength spaced
elements. The true element positions are placed in error by a random amount of some
percentage, X, of the half-wavelength spacing distance, as given by
ex ∼ N
(
0,
Xdx
100
)
, (86)
ex = [ex,1 . . . ex,NP ] , (87)
ez ∼ N
(
0,
Xdz
100
)
, (88)
ez = [ez,1 . . . ez,NP ] , (89)
E =

ex
01xNP
ez
 , (90)
D = Dˆ + E. (91)
When the adaptive digital weight set is calculated by the radar processor (as in
Equation (78)), the estimated covariance matrix Rˆ reflects the statistics of the signal
received through the true aperture, D. The steering vector, vˆ(θ0, φ0), however, is
formed using the radar processor’s calibrated but flawed knowledge of the aperture,
denoted as Dˆ. This effect is called steering vector mismatch [28] and results in a
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mismatched adaptive spatial filter, ŵ(θ, φ). Imperfections of the filter will result in
degraded JNSR, calculated by
JNSRsub(θ, φ) =
ŵch(θ0, φ0)
HRchŵch(θ0, φ0)
σ2NsubPsubξm(θ, φ) |ŵch(θ0, φ0)Hvch(θ0, φ0)|2
. (92)
The KASPS technique relies on synthesizing covariance matrix R¯sub in order to
generate the adaptive subarray weights, w¯sub. In this case, imperfect knowledge of
the aperture will also affect the R¯sub synthesis. The adaptive subarray weights are
then in error due to both the mismatched synthesized covariance matrix, ̂¯Rsub, and
the mismatched steering vector vˆsub(θ0, φ0), and are calculated as
̂¯wsub(θ0, φ0) = ̂¯R−1subvˆsub(θ0, φ0). (93)
Thus, the resultant JNSR is affected by the mismatch of both ŵch(θ0, φ0) and̂¯wsub(θ0, φ0). While most results in this thesis are reported without accounting for
the aperture error effects, Section 4.3.2 analyzes the impact of increasing amounts
of aperture error (X). As such, the performance of KASPS-ADBF is analyzed as a
function of manifold error.
3.3.3 Weight Quantization.
In real hardware applications, an infinite resolution in setting phase and gain
weights, and infinite dynamic range in setting gain weights is not possible [45]. The
resolution of the phase of the weights is limited by the number of bits in the phase
shifter and the resolution of the gain of the weights is limited by the number of
bits in the attenuator (phase shifter and attenuator pictured in Figure 4). Weight
quantization can limit the system’s ability to accurately steer the beam or place nulls
in jammer directions if insufficient bits in gain and phase are available, which can lead
46
to quantization lobes in the antenna pattern [5]. Thus, in order to simulate realizable
systems, after the real subarray phase weights, w¯sub, are synthesized they must be
quantized based on system specifications, as in [45]. While the majority of results in
this thesis are solved without accounting for the effects of quantization, Section 4.3.3
provides an investigation into the effects of quantization on the KASPS technique.
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IV. Results
This chapter presents the results of executing the methodology described in Chap-
ter III. In order to demonstrate comparable results across all techniques considered
herein, only two scenarios are considered.
Scenario 1 is comprised of a 8 x 8 array (N = P = 8) with the system prop-
erties displayed in Table 1. Scenario 1 will be considered in both an “ideal” sense
(i.e. analog-to-digital converter (ADC) behind each element) and as a subarrayed
architecture (detailed in Table 5) so that the differences in performance between the
two architectures may be identified. The transmit power, Pt, was chosen to set the
maximum Signal-to-Noise Ratio (SNR) of the system equal to 10 dB. Parameters are
held constant across all techniques for Scenario 1. Table 2 describes a set of jammers
and their properties. Various subsets of this larger set of jammers will be used in
Scenario 1 throughout the chapter. Scenario 1 was tailored to be purposefully sim-
ple, so that the mechanism and efficacy of the Knowledge-Aided Subarray Pattern
Synthesis (KASPS) method may be clearly observed.
Scenario 2 was designed to represent a more realistic radar of larger dimensions
so that the real-world applicability of KASPS may be approximated. Scenario 2 is
comprised of a 20 x 20 array (N = P = 20) with the system properties displayed
in Table 3. Scenario 2 will also be considered in both an “ideal” sense (i.e. ADC
behind each element) and as a subarrayed architecture (detailed in Table 7) so that
the differences in performance between the two architectures may be identified. The
transmit power, Pt, was chosen to set the maximum SNR of the system equal to 10
dB. These values are held constant across the host of techniques being analyzed in
Scenario 2.
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Table 1. System properties for Scenario 1.
Parameter Ls (dB) θ0 (GHz) σt (m
2) Pt (kW) Rt (m) σ
2 (kW)
Value 3 1.24 10 10 2000 1.25x10−12
Table 2. Jammer parameters for scenarios analyzed throughout Chapter IV.
Jammer φ (o) θ (o) Sj (W) Rj (km)
1 −30o 5o 100 100
2 25o −25o 100 100
3 −15o −35o 100 100
4 0o −40o 100 100
5 15o 15o 100 100
6 −40o −10o 100 100
7 8o −20o 100 100
8 −30o 15o 100 100
Table 3. System properties for Scenario 2.
Parameter Ls (dB) λ0 (GHz) σt (m
2) Pt (kW) Rt (m) σ
2 (kW)
Value 3 10 10 2.7 2000 1.25x10−12
49
4.1 Performance Bounds
Table 4 describes an antenna with no subarrays (an ADC behind each element),
yielding 63 digital degrees of freedom (DOF). Figure 13 shows the Noise-to-Signal
Ratio (NSR) when J = 0 calculated using the antenna from Table 4. Figure 14 shows
the gain pattern of a single element of the array (Equation (16)). By comparing Fig-
ure 13 to Figure 14, it becomes apparent that the contour of the NSR output across
the field of view correlates to the dropoff in element pattern gain. Thus, minimum
NSR (which is -10 dB) occurs at boresight, (0o, 0o), and increases to maximum (−6
dB) as either azimuth (φo) or elevation (θo) reaches 60o (the extent of the field of
view examined). The result seen in Figure 13 serves as the “best” (i.e., noise only)
result that can be obtained from the Scenario. As such, Figure 13 represents an
upper bound on performance, as compared to performances observed in the presence
of interference. In keeping with the use of these results as an upper bound on per-
formance, these results were calculated using clairvoyant knowledge of the noise (as
opposed to estimating the noise covariance matrix from training data). All results for
non-subarrayed (i.e., “ideal”) antennas throughout this chapter are calculated with
clairvoyant covariance matrices so as to establish upper bounds on performance. The
blue (+) line of Figure 28 shows the coverage statistics of the noise only response
by indicating the percentage of the field of view (from −60o to 60o in elevation and
azimuth) from Figure 13 for which Jamming and Noise-to-Signal Ratio (JNSR) is less
than the value specified on the x-axis. For instance, it can be observed from Figure 28
that under these conditions 98% of the look angles experience less than 0 dB JNSR.
For coverage statistics plots, curves exhibiting better performance will approach the
upper left hand corner.
Table 5 describes the subarrayed antenna used in Scenario 1. This antenna con-
tains an ADC behind each of the 4 subarrays, yielding a maximum of 3 adaptive
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Table 4. Antenna properties for the “idealized” case of Scenario 1 (shown in Figure
13).
Parameter Nch Pch Nsub Psub
Value 8 8 1 1
(a) DBS (b) JNSR Output
Figure 13. JNSR output for the non-subarrayed 8 x 8 antenna described in Table 4 in
a noise only environment.
Figure 14. Single element gain pattern, given by Equation (16).
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Table 5. Antenna properties for the subarrayed case of Scenario 1.
Parameter Nch Pch Nsub Psub
Value 2 2 4 4
digital DOF. Each subarray contains 16 elements, which are theoretically capable of
providing 15 spatial DOF. Figure 15 shows the NSR calculated for the noise only
case using the antenna from Table 5. By comparing Figure 15 to Figure 13, it can be
seen that practically equivalent outputs are obtained, as would be expected due to
the equivalency of the antenna patterns from both architectures as detailed in Section
2.1.1. The subarrayed results are very slightly degraded because they were generated
using covariance matrices estimated from t = 2NP training data observations as op-
posed to clairvoyant knowledge of the noise and jamming statistics. All results for
subarrayed antennas are calculated with covariance matrices estimated from t = 2NP
training data observations in an effort to depict realistic performance. Despite equiv-
alent antenna patterns, however, the digital array factors of the two architectures are
not equivalent. This will result in different responses from each array architecture
once jamming is introduced.
Section 3.1 describes the method by which digital weights, wˆch, may be applied
to each digitized channel to digitally null interference sources, referred to as Adaptive
Digital Beamforming (ADBF). For the antenna described by Table 4, 63 digital DOF
are available for adaptive mitigation of jamming signals. Introducing Jammer 1 from
Table 2 and using the “ideal” antenna described in Table 4, and applying the ADBF
method results in the JNSR output seen in Figure 16. Observing the same envi-
ronment through the subarrayed antenna described in Table 5, and applying ADBF
results in the JNSR output seen in Figure 17. This subarrayed antenna posseses 3
digital DOF, so it would be reasonable to assume that ADBF would be sufficient to
52
(a) SBS-DBS (b) JNSR Output
Figure 15. JNSR output for the subarrayed antenna described in Table 5 in a noise
only environment.
fully suppress the interference from a single jammer. And yet, additional regions of
degraded performance are clearly observable in the field of view.
The additional degraded regions in Figure 17 represent ambiguous returns due to
grating lobes in the digital array factor, as examined in Section 2.1.1. For instance,
when the radar has a look angle of (5o, 0o), Equation (19) can be used to show the
presence of a grating lobe very near the jammer location, (5o,−30.1o). Thus, when
the radar is steered towards (5o, 0o), the perceived return from that direction will in-
clude the returns from all grating lobes, which include (−24.4o,−33.3o), (36o,−38.1o),
(−24.4o, 0o), (36o, 0o), (−24.4o, 33.3o), (5o, 30.1o), and (36o, 38.1o), as attenuated by
the subarray pattern. Streaks of low JNSR can also be witnessed through the de-
graded regions of Figure 17. The digital array factor and quiescent subarray pattern
for a radar look angle of (5o, 0o) are shown in Figure 18 and Figure 19 respectively so
that the reader may observe these effects. The quiescent nulls in the subarray pattern
aline with the streaks of low JNSR in Figure 17, suggesting that quiescent subarray
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(a) ADBF (b) JNSR Output
Figure 16. JNSR output after ADBF for the antenna described in Table 4 with Jammer
1 from Table 2 present. The red X indicates jammer location.
(a) SBS-ADBF (b) JNSR Output
Figure 17. JNSR output after SBS-ADBF for the antenna described in Table 5 with
Jammer 1 from Table 2 present. The red X indicates jammer location.
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Figure 18. Digital array factor when the radar mainbeam is steered towards (5, 0). The
red X indicates the location of Jammer 1 from Table 2.
pattern nulls can heavily mitigate jamming effects in the array factor grating lobes.
It will be shown later that synthesized subarray pattern nulls can be used to mitigate
the ambiguous jammer returns intentionally.
Figure 20 shows the JNSR output when digital adaptation is being applied to the
scenario containing the antenna from Table 4, and Jammers 1-4 from Table 2. The
orange (*) line of Figure 28 shows the JNSR coverage statistics for these conditions,
in which the digital DOF outnumber the jamming signals.
In contrast to Figure 20, Figure 21 shows the JNSR output without adaptive
processing for the same scenario, which shows high degradation. This highlights
the power of digital adaptation to improve performance in an otherwise inoperable
environment when sufficient digital DOF are available.
Figure 22 shows the JNSR when digital adaption is used on the antenna in Table
5 and Jammers 1-4 from Table 2. Under these conditions, the yellow (x) line from
Figure 28 shows the coverage statistics. The digital DOF are not sufficient to null all
four jamming sources, resulting in a largely inoperable environment for the radar, as is
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Figure 19. Subarray pattern when the radar mainbeam is steered towards (5, 0). The
red X indicates the location of Jammer 1 from Table 2.
(a) ADBF (b) JNSR Output
Figure 20. JNSR output after ADBF for the antenna described in Table 4 with Jammers
1-4 from Table 2 present. The red X’s indicate jammer locations.
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(a) DBS (b) JNSR Output
Figure 21. JNSR output with no adaptation for the antenna described in Table 4 with
Jammers 1-4 from Table 2 present. The red X’s indicate jammer locations.
expected. Examination of Figure 22 reveals regions of performance comparable to that
of the non-subarrayed scenario (i.e. the regions surrounding (5o,−10o), (−5o, 15o),
etc). These regions occur where one or more of the jamming signals has fallen into a
quiescent null of the subarray pattern, Gsub. When this occurs, the ADCs sense three
or fewer jamming signals, and the digital DOF become sufficient to digitally null those
jammers. However, this phenomenon does not provide consistent coverage across the
desired scan area for reliable radar operation. The effects of having insufficient DOF
can be observed for large areas of the field of view.
4.2 Knowledge-Aided Subarray Pattern Synthesis (KASPS) Results
Section 3.1 describes the method by which KASPS-ADBF is applied, and Section
3.2 describes a concept of operations in utilizing that method. The set of subarray
weights, w¯sub, may be synthesized and applied to the subarray elements in order to
place spatial nulls in the subarray pattern, Gsub, towards selected jamming signals.
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(a) SBS-ADBF (b) JNSR Output
Figure 22. JNSR output for the antenna described in Table 5 with Jammers 1-4 from
Table 2 present and ADBF applied. The red X’s indicate jammer locations.
For an environment which includes Jammer 1 from Table 2 and the antenna from
Table 5, using this technique to cast a null in the subarray pattern toward Jammer
1 yields the JNSR output observed in Figure 23. We can initially observe that the
regions of degradation arising from digital array factor grating lobe ambiguities, as
seen in Figure 17, are no longer present. This suggests that KASPS can improve
performance, even in situations for which J ≤ C − 1. However, comparison of Figure
17 and Figure 23 in the region closely surrounding Jammer 1 shows degradation JNSR
values. This is because the subarray null towards Jammer 1 is being placed in that
direction for all look angles. Thus, when trying to look near the Jammer 1 location,
the null in that direction greatly reduces the gain of the subarray pattern towards
the hypothetical target. The result is a decreased signal return power, which greatly
reduces the SNR, regardless of the presence of interference.
Figure 24 shows the SNR returned at each scan angle within the field of view
(Equation (81)) with a subarray null consistently pointed in the direction of Jammer
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(a) KASPS-ADBF (b) JNSR Output
Figure 23. JNSR output for the antenna described in Table 5 with Jammer 1 from
Table 2 present, in which Jammer 1 is being nulled with KASPS. The red X indicates
the jammer location.
1. Reduction of SNR is clearly visible for look angles near the null of the pattern
(note that when the look angle is exactly the same as the desired direction of the
null, the null is essentially cancelled, as evidenced by the SNR return where the two
exactly coincide). Thus, it is disadvantageous to cast nulls with the subarray pattern
near the desired look angle. The KASPS algorithm, described in Section 3.2, tests
the performance between nulling a given jammer with the subarray pattern versus
nulling the jammer with the digital array factor in order to yield a “best” solution
for any given look angle and jammer laydown.
Figure 25 shows the JNSR output from the environment consisting of Jammers
1-4 from Table 2 and the antenna from Table 5 when using the KASPS algorithm to
selectively place subarray pattern nulls based on the concept of operations described
in Section 3.2. The purple (o) line of Figure 28 shows the JNSR statistics. Figure
26 shows how many nulls were cast in the subarray pattern for each look angle in
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Figure 24. ξm, the SNR in a single subarray channel (Equation (81)), when a subarray
pattern null is cast in the direction of Jammer 1 from Table 2 for the antenna described
by Table 5.
the raster. There are a number of look angles for which the conventional SBS-ADBF
method do in fact yield the best JNSR. Over the vast majority of the field of view,
however, casting subarray pattern nulls has improved performance. Figure 27 shows
the jammer nulling decision across the full raster of look angles for each individual
jammer. As has been discussed, the decision to cast a given subarray null seems to
be patterned off of the a function of the grating lobes of the digital array factor based
on look angle and jammer location. Regions closely surrounding a given jammer are
best left to be nulled using ADBF, so as to not decrease SNR. Regions in which the
grating lobes of the digital array factor create ambiguous interference returns greatly
improve when subarray pattern nulls are cast using the KASPS method.
Figure 28 overlays the coverage statistic curves as calculated from Figures 13,
20, 22, and Figure 25. To summarize, the “Ideal, No Jamming” curve shows the
coverage statistics for the case in which there is an ADC behind every element in
a noise only environment. As such, this curve represents the best possible coverage
statistics, with signal degradation being only a function of the dropoff of the element
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(a) KASPS-ADBF (b) JNSR Output
Figure 25. JNSR output for the antenna described in Table 5 with Jammers 1-4 from
Table 2 present, in which the KASPS algorithm has determined which jamming signals
are nulled by the subarray pattern and which are nulled using ADBF. The red X’s
indicate jammer locations.
Figure 26. This environment includes Jammers 1-4 from Table 2 and the antenna from
Table 5. For each look angle, the number of jammers that are nulled by the subarray
pattern (as determined by the KASPS algorithm) is indicated by the colored field.
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Figure 27. This environment includes Jammers 1-4 from Table 2 and the antenna from
Table 5. For each look angle, a yellow field indicates that a subarray pattern null was
cast in the direction of the jammer and a purple field indicates that no subarray pattern
null was cast in the direction of the jammer (as determined by the KASPS algorithm).
pattern. The “Ideal ADBF” curve shows the coverage statistic for the case in which
there is an ADC behind every element, Jammers 1-4 from Table 2 present, and in
which ADBF is being used to suppress the interference. This curve can be seen to
represent the best possible nulling solution for this particular jammer laydown. The
“SBS-ADBF” curve shows the coverage statistics for the subarrayed antenna from
Table 5, Jammers 1-4 from Table 2 present, and in which ADBF is being used to
suppress the interference. Due to the insufficient DOF the curve shows large amounts
of degradation from the ideal nulling solution. Finally, the “KASPS-ADBF” curve
shows the coverage statistics for the subarrayed antenna from Table 5, Jammers 1-4
from Table 2 present, and in which the KASPS algorithm is being used in concert
with ADBF to suppress the interference. It can be seen that this curve approaches
the ideal nulling solution, and shows vast improvement over using ADBF alone.
To measure the improvement of one given adaptation scheme over another, the
Coverage Improvement Factor (CIF) metric (Equation (84)) is used [33]. Figures 29,
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Figure 28. The percentage of the look angles for which JNSR is less than the x-axis
value, comparing 4 different adaptation scenarios.
30, and 31 show the CIF across the field of view for each of the three nulling solutions
as compared to the unadaptive SBS-DBS (i.e., quiescent antenna pattern) solution
shown in Figure 21. Of the three nulling solutions examined, all three provide com-
prehensive improvement over the unadapted case. Figure 32 shows the CIF statistics
for the three different interference suppression schemes. The improvement of the
KASPS-ADBF method can again be observed to approach the performance of the
ideal nulling solution, while the improvement afforded by the SBS-ADBF technique
obviously suffers from insufficient DOF.
Up through this point, all results have been the result of a single jammer lay-
down (utilizing the jammers described in Table 2). In order to show the utility of
the technique for any jammer laydown, Figure 33 shows the mean coverage statis-
tics of four different nulling solutions as applied to 100 different random 4 jammer
laydowns. Each jammer laydown consists of 4 jammers whose azimuth and eleva-
tion are uniformly distributed across the field of view. The error-bars in Figure 33
show the standard deviation of the data. The KASPS-ADBF technique outperforms
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Figure 29. CIF of the ADBF solution shown in Figure 20 over the unadapted solution
shown in Figure 21 for the environment consisting of Jammers 1-4 from Table 2. The
red X’s indicate jammer locations.
Figure 30. CIF of the KASPS-ADBF solution shown in Figure 25 over the unadapted
solution shown in Figure 21 for the environment consisting of Jammers 1-4 from Table
2. The red X’s indicate jammer locations.
64
Figure 31. CIF of the SBS-ADBF solution shown in Figure 22 over the unadapted
solution shown in Figure 21 for the environment consisting of Jammers 1-4 from Table
2. The red X’s indicate jammer locations.
Figure 32. The percentage of the look angles for which a minimum of X dB CIF is
achieved. All curves use the completely unadaptive case in Figure 21 as a reference.
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Figure 33. The percentage of the look angles for which JNSR is less than the x-axis
value, comparing 4 different adaptation scenarios, averaged over 100 different random
laydowns of 4 jammers in Scenario 1. The error bars indicate the standard deviation
of the data.
Table 6. Antenna properties for the “idealized” case of Scenario 2.
Parameter Nch Pch Nsub Psub
Value 20 20 1 1
the conventional SBS-ADBF technique by many standard deviations for most JNSR
thresholds. As such, the plot shows the efficacy of the KASPS-ADBF technique
against many varying jamming scenarios.
Similarly, Figure 34 shows the average CIF statistics of four different nulling so-
lutions as applied to the same 100 different randomly created laydowns of 4 jammers
from Figure 33. The error-bars show the standard deviation of the data. Figure 33
shows how the KASPS-ADBF technique can approach the ideal nulling solution, and
shows the comprehensive outperformance of the KASPS-ADBF technique over the
conventional SBS-ADBF technique.
Expanding the dimensionality of the array will give one a better sense of how the
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Figure 34. The percentage of the look angles for which a minimum of X dB CIF is
achieved, averaged over 100 different random laydowns of 4 jammers in Scenario 1. All
curves use the completely unadaptive case in Figure 21 as a reference. The error bars
indicate the standard deviation of the data.
Table 7. Antenna properties for the subarrayed case of Sceanrio 2.
Parameter Nch Pch Nsub Psub
Value 4 2 10 5
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Figure 35. The percentage of the look angles for which JNSR is less than the x-axis
value, comparing 4 different adaptation scenarios, averaged over 100 different random
laydowns of 12 jammers in Scenario 2. The error bars indicate the standard deviation
of the data.
KASPS technique would be used in real-world operations. Scenario 2 consists of the
array described in Table 6 for the “ideal” case and the array described in Table 7 for
the subarrayed case. Figure 35 shows the JNSR statistics of four different adaptation
scenarios, averaged over 100 different random laydowns of 12 jammers. The error-bars
show the standard deviation of the data. In the subarrayed case the J = 12 jammers
eclipse the digital DOF afforded by the C = 8 channels. Compared to the Scenario
1 results shown in Figure 33, the SBS-ADBF solution performs admirably. This is
because the pattern of a larger subarray provides more jammer attenuation from
its quiescent pattern by virtue of a narrower main beamwidth. The “Ideal ADBF”
curve representing the best possible adaptive solution closely approaches the “No
Jamming” case. Finally, the KASPS-ADBF outperforms the SBS-ADBF solution
by many standard deviations for most JNSR thresholds, though the extent of the
improvement is not as drastic as in Scenario 1.
Figure 36 shows the average CIF statistics of four different nulling solutions as
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Figure 36. The percentage of the look angles for which a minimum of X dB CIF is
achieved, averaged over 100 different random laydowns of 12 jammers in Scenario 2.
All curves use the completely unadaptive case in Figure 21 as a reference. The error
bars indicate the standard deviation of the data.
applied to the same 100 different randomly created laydowns of 12 jammers from
Figure 35. The error-bars show the standard deviation of the data. Compared to
the Scenario 1 CIF statistics shown in Figure 34, the overall improvement of all tech-
niques over the unadapted case is not as drastic. This is again because the quiescent
subarray pattern of a larger array provides more cancellation by virtue of a more nar-
row main beamwidth. Again, this plot shows how the KASPS-ADBF technique can
approach the ideal nulling solution, and shows the comprehensive outperformance of
the KASPS-ADBF technique over the SBS-ADBF technique.
4.3 Sensitivity Analysis Results
Section 3.3 outlines a methodology to analyze the sensitivity of the KASPS-ADBF
method. The following section contains results and pertinent discussion to this anal-
ysis.
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4.3.1 Angle of Arrival Estimation Error Results.
In the case that the jammer angle of arrivals (AOAs) are imperfectly estimated,
performance of the KASPS algorithm will degrade as described in Section 3.3.1. Fig-
ure 37 shows the JNSR statistics for the antenna described in Table 5 with Jammer
1 from Table 2 present after KASPS has been applied using jammer properties which
are known but purposefully put in error by increasing degrees in azimuth. The curves
for 0o of AOA estimation error when using KASPS-ADBF and SBS-ADBF are plot-
ted for reference. When the AOA estimate is put in error and the KASPS algorithm
is used, the performance is degraded from the accurate case. However, even when as
much as 6o of AOA estimation error is present, performance does not fall below the
SBS-ADBF curve. In fact, performance will never fall below the SBS-ADBF curve,
due to the logic of the KASPS algorithm. When casting a subarray pattern null no
longer improves performance, the algorithm defaults to the quiescent subarray pat-
tern. With that said, it is noteworthy that casting a subarray pattern null in error
by as much as 6o still shows interference suppression improvement over a portion of
the field of view.
4.3.2 Aperture Error Results.
When the antenna manifold is uncalibrated, unknown, or subject to other means
of aperture error, performance of the KASPS algorithm will degrade as described in
Section 3.3.2.
Figure 38 shows JNSR statistics from using the KASPS-ADBF method for in-
creasing amounts of aperture error. For instance, the “2%” line shows the result of
allowing the true element locations stored in D to deviate in value by as much as
2% of the element spacing from the estimated element locations stored in Dˆ. For
2% aperture error, only slight degradation of the KASPS-ADBF method occurs. As
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Figure 37. An analysis on the effect of AOA misestimation in the environment which
includes the antenna from Table 5 and Jammers 1-4 from Table 2. The plot displays
the resultant coverage statistics as the degree of azimuthal AOA estimation error is
increased.
the extent of the error increases, performance further degrades. The 33.3% error
line shows degradation of performance for a portion of the field of view that falls
below the performance of the un-erred SBS-ADBF response. These findings reinforce
the necessity of a known and calibrated manifold to experience the full performance
benefits of the KASPS technique.
4.3.3 Weight Quantization Results.
Section 3.3.3 describes the quantized nature by which real weights are applied in
hardware to the subarray elements. This section examines the effects of subarray
weight quantization on the KASPS-ADBF method. Phase and gain bit levels, and
the dynamic range of the quantized amplifier are examined indepently. For the sake
of continuity, the study is performed for the environment using the antenna from
Table 5 and Jammers 1-4 from Table 2.
To examine the effect of phase quantization on subarray weights, the number of
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Figure 38. An analysis on the effect of aperture error on Scenario 1 including Jammers
1-4 from Table 2. The plot displays the resultant coverage statistics as the amount of
aperture mismatch error is increased.
gain bits and the gain dynamic range are held at suitably high levels (12 bits and
4 dB respectively) while the number of phase bits is increased. At each step, the
JNSR statistics are calculated using the given quantization level to modify the phase
of the weights, w¯sub, as calculated from Equation (79). Figure 39 shows the results of
the study, where it can be observed that the performance of the non-quantized case
(computing using 64 bits) can be closely approached with 8 phase bits. With 9 phase
bits no further appreciable gains are realized. As the number of phase bits decreases,
the steering of the subarray becomes less accurate (in pointing the mainbeam and
placing nulls) and concurrently performance is seen to degrade.
To examine the effect of gain quantization on subarray weights, the number of
phase bits and the gain dynamic range are held at suitably high levels (12 bits and
4 dB respectively) while the number of gain bits is increased. At each step, the
JNSR statistics are calculated using the given quantization level to modify the gain
of the weights, w¯sub, as calculated from Equation (79). Figure 40 shows the results
of the study, where it can be observed that the performance of the non-quantized
72
Figure 39. An analysis on the effect of phase quantization on subarray weights in the
environment which includes the antenna from Table 5 and Jammers 1-4 from Table
2. The plot displays the resultant coverage statistics as the number of phase bits
in the subarray element weights are increased. Non-quantized scenarios showing the
KASPS-ADBF and SBS-ADBF statistics are shown for reference.
case (computing using 64 bits) can be closely approached with 6 gain bits. With
7 gain bits no further appreciable improvement is realized. As the number of gain
bits decreases the subarray mainbeam becomes less accurately shaped (less gain in
the look direction, more gain in the nulls) and concurrently performance is seen to
degrade.
To examine the effect of dynamic range on subarray weights, the number of phase
bits and gain bits are held at suitably high levels (12 bits each) while the extent of
the dynamic range is increased in 1 dB intervals. At each step, the JNSR statistics
are calculated using the given quantization dynamic range to modify the gain of the
weights, w¯sub, as calculated from Equation (79).. Figure 41 shows the results of the
study, where it can be observed that the performance of the non-quantized case (i.e.
∞ dB of dynamic range) can be closely approached with 3 dB of dynamic range, after
which no appreciable gains are realized. As with decreasing the number of gain bits,
when the dynamic range decreases the subarray mainbeam becomes less accurately
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Figure 40. An analysis on the effect of gain quantization on subarray weights in the
environment which includes the antenna from Table 5 and Jammers 1-4 from Table 2.
The plot displays the resultant coverage statistics as the number of gain bits in the
subarray element weights are increased. Non-quantized scenarios showing the KASPS-
ADBF and SBS-ADBF statistics are shown for reference.
shaped (less gain in the look direction, more gain in the nulls) and concurrently
performance degrades.
Across all three sets of results as shown in Figures 39, 40, and 41, it can be
seen that the KASPS-ADBF method provides superior coverage over the SBS-ADBF
case for situations in which the subarray weights have been quantized. Even at low
quantization levels (as low as 3 phase bits, 1 gain bit, or 0 dB of dynamic range)
superior interference suppression can be achieved using KASPS-ADBF.
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Figure 41. An analysis on the effect of gain dynamic range on subarray weights in the
environment which includes the antenna from Table 5 and Jammers 1-4 from Table
2. The plot displays the resultant coverage statistics as the amount of dynamic range
in the subarray element weights are increased. Non-quantized scenarios showing the
KASPS-ADBF and SBS-ADBF statistics are shown for reference.
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V. Conclusion
This research demonstrates techniques by which untapped spatial degrees of free-
dom (DOF) inherent to the subarrays of a phased array antenna may be used to
mitigate spatially localised interference signals. Mitigation of interference can reduce
the dynamic range requirements of the receive chain in order to avoid saturation,
or preserve digital DOF for adaptive digital nulling in the processor. This thesis has
shown how a set of subarray weights can be synthesized and applied to place subarray
pattern nulls on any combination of jammers present in the scene.
The ability to synthesize subarray weights depends on knowledge of the jammers’
angle of arrivals (AOAs) and powers as well as a known and calibrated antenna
manifold. Placing nulls near the desired look direction results in a degradation of
Signal-to-Noise Ratio (SNR) that cannot be recovered by digital adaptive processing.
Thus, it is typically not advantageous to null jammers in the vicinity of the desired
look direction with real subarray pattern nulls. However, using subarray pattern
adaptation to null strong jamming signals some beamwidths away from the radar
mainbeam does not significantly degrade SNR, and preserves digital DOF for nulling
jamming signals near the mainbeam. Using this philosophy, subarray pattern syn-
thesis was shown to effectively supplement digital adaptation to significantly improve
performance. The implementation tradeoffs between nulling via the subarray pattern
versus nulling via Adaptive Digital Beamforming (ADBF) were analyzed and used in
divising a concept of operations for applying the Knowledge-Aided Subarray Pattern
Synthesis (KASPS)-ADBF method across jamming signals.
The practical limitations of beamforming are an important factor in analyzing
the KASPS technique. In general, physically adapted beams are inferior to ADBF in
nulling interference for many reasons, including the introduction of quantization noise
and the limits placed on dynamic range. The effectiveness of the KASPS technique
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degrades when there has been error in the estimation of the jammer AOA, or when
there is error in the knowledge of the antenna manifold. These errors result in inac-
curate null placement. However, even under degraded conditions, the KASPS-ADBF
technique still yields improved interference suppression capability over the conven-
tional Subarray Beam Steering (SBS)-ADBF method. The concept of operations
for the KASPS technique is designed to preclude potential performance degradation.
Quantization of the subarray weights can also lead to inaccurate null placement, or
sub-optimal null depths and mainbeam gains. However, improvement over the un-
quantized SBS-ADBF method can still be observed for various bit levels, and with at
least 9 phase bits, 7 gain bits, and 3 dB of dynamic range, any deleterious quantization
effects become inconsequential.
5.1 Contributions
This research set out to make three contributions to the field of Electronic Pro-
tection (EP) for phased array systems. The first was to offer a proof of concept of
the potential benefits of the KASPS-ADBF method. This was accomplished through
software simulations showing improved performance using the KASPS-ADBF method
over conventional and unadapted methods. The second contribution is the concept
of operations for the use of the KASPS-ADBF method. An analysis of the effects of
placing subarray nulls given a desired look angle and jammer laydown is presented,
resulting in an algorithmic implementation of the method. The final contribution was
to test the sensitivty of the KASPS-ADBF method. To this end, an initial sensitivity
study examining AOA estimation error, aperture error, and quantization show the
efficacy of the KASPS-ADBF method under these practical conditions.
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5.2 Future Work
To more accurately examine the potential of this technique to improve the per-
formance of existing radar systems, a number of topics are reccomended for further
study. Among them would be to repeat this analysis while accounting for mutual cou-
pling, phase squint, aperture errors, and other random sources of error. The analysis
should also be expanded to include clutter to investigate how subarray DOF may be
used synergistically with digital DOF for clutter and jammer suppression. A litany of
spectral estimation algorithms from the many techniques available in literature could
be used to accurately estimate jammer AOA and thus improve the effectiveness of
the KASPS-ADBF method. Additionally, the KASPS concept of operations should
be analyzed for computational complexity and optimized for performance and pro-
cessing demands. While the development here invokes a narrowband assumption, the
KASPS technique should be extended for use in wideband systems. Finally, a proof-
of-concept test on real hardware utilizing a known manifold should be conducted to
prove real-world viability.
5.3 Final Thoughts
In an era of ever increasing Electronic Attack, it is increasingly important to
provide means of EP at an affordable cost. Adaptive subarray pattern synthesis offers
some of the EP benefits of more digitized channels without their cost. The existing
DOF inherent in phased array subarrays can be employed via modest upgrades to
existing radars. While digital adaptation does not require knowledge of the manifold,
spatial DOF in the subarray are left dormant when ADBF is relied on as the sole
means of interference suppression. KASPS will provide the radar designer with a
powerful tool in preserving the maximum operable field of view when confronted by
a highly populated hostile jamming environment.
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Appendix A. Jammer Parameter Estimation
The Knowledge-Aided Subarray Pattern Synthesis (KASPS)-Adaptive Digital Beam-
forming (ADBF) method requires prior knowledge of the angle of arrivals (AOAs) of
the jamming signals, and the powers of the jammers at the array face. These param-
eters could potentially be known from external sources, such as intelligence reports or
external sensor packages. However, in the case that the jammer parameters are not
known the radar system may be able to estimate them using an algorithmic technique
that combines a raster scan of the field of view with spectral estimation techniques
to find more jammers than the adaptive digital degrees of freedom (DOF) would al-
low via conventional spectral estimation techniques. The method proposed in this
appendix is not postulated as an optimum solution, but rather presented to suggest
that jammer parameter estimation using a phased array is possible in circumstances
when the number of jammers is greater than the amount of digital DOF.
A.1 Spectral Estimation
Interference source AOAs can be found using spectral estimation techniques.
While a vast number of spectral estimation techniques are available in literature
to choose from, the method proposed here utilizes the Minimum Variance (MV)
method [29]. MV estimators are capable of providing high resolution AOA estimates.
The MV method is also referred to as Capon’s method [42]. The method operates by
leveraging the signal eigenvalues of the jamming covariance matrix. Doing so relies
on the presence of white noise (so as to ensure a non-singular covariance matrix), and
also limits the number of signals able to be resolved to C − 1 [41]. A summary of the
MV technique is given here, and can be studied in greater detail in [29].
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The output power from MV estimation is
PMV,ch(θ, φ) =
(
vHch(θ, φ)Rˆ
−1
ch vch(θ, φ)
)−1
. (a.94)
in which vch(θ, φ) is a steering vector (as defined in Equation (69)), and Rˆch is the
estimated covariance matrix as observed through the digitized channels (as defined
in (60)). Where there is orthogonality between the steering vector, vch(θ, φ), and
the estimated covariance matrix, Rˆch, there results in a steep negative peak. These
minimums are inverted yielding maximums in the power spectrum at the locations of
the interfering signals [29]. The nature of orthogonality results in sharp peaks yield-
ing high resolution estimates with low susceptibility to corruption by noise. When
performing MV estimation with a subarrayed antenna, array factor grating lobes
(described in Section 2.1.1) can cause ambiguous estimates in the spectrum.
Because MV estimation uses orthogonality to find minimums, the amplitude in-
formation yielded from it does not provide realistic power measurements. A power
spectrum can also be estimated using the Signal Match (SM) filter. Signal matching
is provides low resolution in AOA estimation, but yields accurate power estimates.
The SM power spectrum is given by
PSM,ch(θ, φ) =
vHch(θ, φ)Rˆchvch(θ, φ)
vHch(θ, φ)vch(θ, φ)
. (a.95)
In determining the power output, the vch(θ, φ) steering vector may be colinear
with components in Rˆch, yielding maximums in the power spectrum. In a noise and
interference only environment, these maximums represent jamming returns.
MV estimation is useful for AOA estimation, while signal matching is well suited
for power estimation.
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Figure A-42. Flow diagram demonstrating how jammer parameters are estimated using
spectral estimation techniques.
A.2 Jammer Parameter Estimation Method
Spectral estimation techniques, specifically the MV method as described in Equa-
tion (a.94) (described in Section A.1) can be used to ascertain jammer AOAs in
environments where the number of jammers is less than the digital DOF of the array.
When the number of jammers exceeds the digital DOF of the array conventional spec-
tral estimation methods fail to produce meaningful outputs. Thus, without outside
knowledge of the jammer parameters (i.e. intelligence, external sensor packages, etc),
an algorithmic method to ascertain jammer locations is necessary in order to use the
KASPS-ADBF method to null select interference signals with the subarray pattern.
One such algorithmic solution is outlined by the flow diagram in Figure A-42 and
detailed in this section.
In pursuit of ascertaining the jammer locations, the radar will enter a scanning
mode, in which the beam is electronically steered through the raster of look angles
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across elevation and azimuth. For each look angle a covariance matrix, Rˆch, will be
estimated. The MV operation is then performed for only the look angle in question
(as opposed to calculating the full spectrum) as given by
PˆMV,ch(θ0, φ0) =
(
vHch(θ0, φ0)Rˆ
−1
ch vch(θ0, φ0)
)−1
. (a.96)
This operation is performed for every look angle in the raster. By scanning the
beam to create the spectrum as opposed to calculating the spectrum from a single look
angle, the subarray beam naturally “knocks down” the received power of jammers
which are far from the look angle in question. Similarly, as the beam is scanned,
jammers will fall completely into natural nulls of the subarray pattern at certain look
angles. This also means that when jammers fall into a sidelobe for a given look angle,
these jammers will increase the impinging signal, possibly leading to false jammer
detections at the said look angle. However, mainbeam gain will always be strongest
in the direction of the look angle in question, and thus any jammer directly in the
boresight of the radar for a given look angle will feature prominently in the final
spectrum regardless of spurious returns.
Once the spectrum has been calculated, the radar processor must make a decision
on whether jammers have been detected. The relative maxima are identified and
compared against a threshold. Values under the threshhold are considered to be
results of ambiguities due to the array factor (examined in greater detail in Section
4.2) and those candidates are discarded. The remaining candidates are compared
to each other via location. If any two candidates are within a subarray mainbeam
distance apart from each other, only the more powerful candidate is retained (as
the other maxima is likely from jammers entering and exiting sidelobes as the radar
is scanned). Any candidates still remaining register as detected jammers and their
locations in azimuth and elevation are stored in the processor’s memory.
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In order to synthesize a clairvoyant subarray covariance matrix by which analog
weights, w¯sub can be calculated, the power of the jammer impingent upon the array
also needs to be known. To measure the power, the SM method is used. For the found
locations of the jammers, the SM power spectrum is used (as in Equation (a.95)). In
order to get an accurate representation of the power present at the array face, one
must calculate the SM spectrum for an annulus of angles around the found location,
yielding an estimate of the bth jammer’s power, Pj,ch,b. Appropriate sizing of this
annulus may have to be tuned for different array configurations. The power of the
jammer as received by the array is given in Equation (49). However, the subarray
pattern will change as the beam is steered, so in order to be able to synthesize an R¯sub
for any look angle, the effects of the array must be backed out in order to estimate
the power just outside (as opposed to within) the array face. In the case of the bth
jammer this is given by
Sj,b
R2j,b
=
Pj,ch,bLs
Gsub(θj,b, φj,b)
. (a.97)
With
Sj,b
R2j,b
known, the Jammer to Noise Ratio (JNR) for any given look angle and
accounting for any combination of jammers can be calculated, enabling w¯sub to be
appropriately synthesized (Equation (79)).
The resolution of this technique in determing AOA is limited by the resolution of
the raster of scan angles tested. The ability of the algorithm to resolve two seperate
jammers, however, is limited by the subarray mainbeam width. Any two or more
jammers which are within an angular distance of each other less than the subarray
mainbeam width will be unresolved (i.e., appear as one jammer with power contri-
butions from both). This technique is not limited by the number of jamming signals
in the environment; there is no limit on the number of jammers able to be found.
However, more jammers in the environment will lead to “dirtier” spectral estimates
(enough jammer power in sidelobes can cause misrepresentative data), leading to
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inaccurate location and power estimates.
A.3 Jammer Parameter Estimation Results
The results shown in Section 4.2 rely on the ability to precisely know the AOA of
and the powers of the jamming signals at the radar array face. Section A.2 describes
the Jammer Parameter Estimation (JPE) algorithm; a technique by which these
parameters may be ascertained. Results of this algorithm derived from Scenario 1
(described in Chapter IV) are presented in this section.
Figure A-43 shows the MV spectrum, PˆMV,ch (Equation a.94), as estimated from
the JPE algorithm in the environment including the antenna from Table 5 and Jam-
mers 1-4 from Table 2. The algorithm scanned from −60o to 60o in azimuth and
elevation in 1o increments. Table 8 details the estimated jammer parameters returned
by the algorithm for this environment. Jammer 1 is the most spatially isolated of
the jammers. Because of this it can be observed that Jammer 1 has the most steeply
defined peak, as all other jammers have been knocked down substantially by the
subarray pattern when the MV is taken for look angles in the vicinity of Jammer
1. Jammer 3 and Jammer 4 both align closely in the azimuthal direction. As such,
smearing of the spectrum can be observed in the azimuthal direction in the vicinity
of both Jammer 3 and Jammer 4. The jammers in this environment are spatially
disparate enough that all can be accurately resolved by the algorithm, given the sub-
array beamwidth of the antenna. While Table 8 reports no error for the elevation
and azimuth estimates, all jammers were placed directly on the raster grid that was
searched. Practically some error should be expected. The error in the power esti-
mate is always positive due to some amount of power leaking in through the subarray
pattern sidelobes from jammers other than the one whose power is being estimated.
Figure A-44 shows the Jamming and Noise-to-Signal Ratio (JNSR) output after
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(a) Angled View
(b) Birds Eye View
Figure A-43. The minimum variance spectrum, PˆMV,ch, as estimated from the JPE
algorithm in the environment including the antenna from Table 5 and Jammers 1-4
from Table 2 shown from two vantage points. The spectrum values (z-axis) are purely
relative.
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Table 8. Jammer parameters ascertained by the JPE algorithm, as described in Section
A.2, in the environment containing the antenna from Table 5 and Jammers 1-4 from
Table 2.
Jam. Det. φ (o) θ (o)
Sj
R2j
(W) φ Error (o) θ Error (o)
Sj
R2j
Error (W)
1 -30 5 1.18 x 10−8 0 0 +1.8 x 10−9
2 25 -25 1.09 x 10−8 0 0 +0.9 x 10−9
3 -15 -35 1.28 x 10−8 0 0 +2.8 x 10−9
4 0 -40 1.43 x 10−8 0 0 +4.3 x 10−9
KASPS-ADBF, as applied using the jammer parameters found by the jammer location
algorithm shown in Table 8. Examining the coverage statistics in Figure A-45 show
that the results from the estimated parameters are equivalent to the case in which
clairvoyantly known parameters were assumed (Figure 25).
Figure A-46 shows the MV spectrum, PˆMV,ch, as estimated from the JPE algo-
rithm in the environment including the antenna from Table 5 and Jammers 1-8 from
Table 2. Similarly, Table 9 details the estimated jammer parameters returned by the
algorithm for this environment. Foremost, it stands to note that only seven jammers
have been detected. Jammer 1 and Jammer 8 are within a subarray beamwidth of
each other (in this case, they are seperated by 10o in elevation). The spectrum shows
that a peak exists in between the two at (−30o, 10o), which the algorithm is unable
to distinguish from a single, more powerful jammer. Again the other six jammers in
Table 9 report no error for the elevation and azimuth estimates, but all jammers were
placed directly on the raster grid that was searched. Practically some error should
be expected. All other jammers are spatially disparate enough to be resolved by the
algorithm. Again, power estimates remain positive as even more leakage through the
subarray pattern sidelobes occurs in this “dirtier” jamming environment.
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(a) KASPS-ADBF (b) JNSR Output
Figure A-44. JNSR output for the antenna described in Table 5 with Jammers 1-4
from Table 2 present, after KASPS-ADBF is applied using jammer properties as found
by the JPE algorithm. The red X’s indicate jammer locations.
Figure A-45. The “Estimated” curve shows percentage of the look angles from Figure
A-44 for which JNSR is less than the x-axis value. A curve depicting the KASPS-
ADBF response for clairvoyantly known jammer parameters (as in Figure 25) is shown
for reference.
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(a) Angled View
(b) Birds Eye View
Figure A-46. The minimum variance spectrum, PˆMV,ch, as estimated from the JPE
algorithm in the environment including the antenna from Table 5 and Jammers 1-8
from Table 2 shown from two vantage points. The spectrum values (z-axis) are purely
relative.
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Table 9. Jammer parameters ascertained by the JPE algorithm, as described in Section
A.2, in the environment containing the antenna from Tabe 5 and Jammers 1-8 from
Table 2.
Jam. Det. φ (o) θ (o)
Sj
R2j
(W) φ Error (o) θ Error (o)
Sj
R2j
Error (W)
1 -30 10 1.60 x 10−8 0 +5, -5 N/A
2 25 -25 1.11 x 10−8 0 0 +1.1 x 10−9
3 -15 -35 1.29 x 10−8 0 0 +2.9 x 10−9
4 0 -40 1.46 x 10−8 0 0 +4.6 x 10−9
5 15 15 1.09 x 10−8 0 0 +0.9 x 10−9
6 -40 -10 1.36 x 10−8 0 0 +3.6 x 10−9
7 8 -20 1.10 x 10−8 0 0 +1.0 x 10−9
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